


436 E. V. Buldakov, P. H. Taylor and R. Eatock Taylor

this transformation as a combination of two transformations (a, ¢) — (o, ¥») and
(%, Ym) = (X, Zn), and represent J,, as a product of their Jacobians:

7= X zm) _ By zn) / dlasc)
" B(a,c) (s Ym)/ (s Vi)

By induction one can easily prove that for regular functions & and ¢ the following
asymptotic relations are valid:

Wy = i + (k)" Ap (e, V) + O(ke)" ™!,
Y = Y-t + (k)" Cpp(cn, y) + O(ke)"*!,
where functions A,, and C,, are O(1) as ke — 0. Applying this to (3.8) we have
X = Oy + ke E (s Yin)/2 + (k)" A&y + Cky) + O(ke)"*2,
Zn = Vi + k& L (@, V) /2 + (ke)" T (Ao + Cuty) + O(ke)" ™,
a = oy — ke E(e, Yn)/2 + (ke)" T (ApE, + Cuy) + O(ke)" 2,
¢ = Y — ke (em, Yn)/2 + (ke)"  (Anla + Cuy) + O(ke)" ™,

and the corresponding asymptotic expansions for Jacobians in both the numerator
and denominator of (4.1) are

L+ (ke)’ 3 (VaaWyy — Yo, ) + (ke)" ™ ((Anka + Cuby)a + (Anba + Cuty), ) + Olke)" .

(4.1)

The ratio of these expansions gives
Jp =14+ O(ke)" 2.

Therefore, functions x,, and z,, satisfy the Lagrangian continuity equation (2.1) with
an accuracy O (ke)"*? as ke — 0. The recursive form (3.8) can be treated in two ways:
(i) as an approximate asymptotic solution for ke — 0 if we take a finite number of
recursion steps or (ii) as an exact solution if the recursion converges for m — oo.

To satisfy the vorticity conservation (2.3) and the free-surface condition (2.4), we
represent ¥ as an expansion for small ke:

U= +keW + (ke)’ ¥y + - - -.

For irrotational flow £2 =0, the leading approximation of (2.3) is found to be
d
—V¥ =0,
a0

which means that ¥; is the sum of a harmonic function depending on time as a
parameter and an arbitrary function of coordinates. It can be shown that for our
choice of the Lagrangian labels the arbitrary function of coordinates is also harmonic.
Let ¥ = ¥ (a, c, t) + Y (a, c¢), where V2¥y; = 0. Then in the leading approximation

d d
x=a—ke e (Woi(a, c, 1) + Wnala,c)), z=c+ke 32 (Woi(a, ¢, t) + Yoa(a, ¢)) ..

At t =1y we have x =a, z=c and
Yoi(a, c, to) +Wnla,c) = F(a) and W (a, c, ty) + ¥nl(a, c) = G(c).

With arbitrary F and G this is possible only if F(a) = G(c)=const. Thus, ¥y, is a
harmonic function of (a, c¢), and ¥, satisfies the Laplace equation

V2, =0.
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For higher-order terms we have equations of the form
d
avzwn = Rn(aa c, t)s
with the right-hand sides R, depending on previous approximations. For example,
3 (%W \ 2w, %W, 8 (9%,
Ri=2(— - - )
9t \dadc ) 0a®>  dadc dr \ da?
After an integration with respect to time we obtain a Poisson equation for each ¥,.

On a free surface ¢ =0 each of the ¥, satisfies a condition obtained after expansion
of (2.4). For n =0 we have

, 02 0¥, %Y,
a2 3¢ da*
where W = w/ﬂ. Therefore, to obtain the nth-order Lagrangian asymptotic
solution we first solve the boundary value problems for functions ¥, in a fixed
(a, c)-domain with appropriate asymptotic free-surface boundary conditions. Then
we construct the n-term expansion for ¥, and use the corresponding functions & and
¢ to find (x, z) as the limit of the recursion (3.8).

5. Application to a regular travelling wave in deep water

The straightforward application of a Stokes-type expansion to the Lagrangian
formulation (2.1), (2.3), (2.4), as proposed by Pierson (1962), leads to a non-uniformly
valid solution for a regular travelling wave. The corresponding third-order expansions
are

x=a—keesin(a—t)+ (ke)’e* t — (ke)’e® (2 sin(a —t) + ¢t cos(a —t)) + - -, 5.1)
z=c+keecos(a—1)+ (ke)*e™ + (ke)’e*(cos(a —t)—1 sin(a —1)) + -+ :

The (ke)*-term in the expansion for x can be recognized as the Stokes drift and
is physically relevant. However, the (ke)*-terms in the expansions for both x and z
include growing secular terms responsible for the solution being non-uniformly valid
as t — oo. This behaviour can be explained by the nonlinearity of the Lagrangian
continuity equation. Due to nonlinear interaction of the second-order non-periodic
term corresponding to Stokes drift with a leading term of the expansion, a third-order
approximation for the continuity equation will include an unbalanced time-growing
right-hand side, and an additional source term with similar behaviour is required in
the expansion to compensate for it. The reduction of the continuity equation to the
linear form by applying the recursive representation (3.8) should cure this problem.
Indeed, it turns out that the mth level of recursion provides the uniformly valid
asymptotic solution up to O(ke)"2, and with a converging recursion the uniformly
valid solution can be constructed for any order of magnitude.

Henceforth we consider solutions with the converged recursion (3.8), that is
solutions exactly satisfying the continuity equation (2.1), and we use the phrase
‘the order of a solution’ for the number of terms in an expansion for ¥. The
construction of high-order solutions involves extensive symbolic calculations and
requires considerable computational resources, and we restrict our analysis to fifth
order. It is convenient to modify the recursive representation (3.8) and explicitly
include the non-periodic term representing the Stokes drift as follows:

ap=a-+ke fle)t, y =c, (5.2)
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where function f(c) describes the variation of the mean velocity of the Stokes drift
with depth. Fifth-order expansions for the unknown functions are

4

4
W(a,c.t)= (ke)'W(a,c.t)+ O(ke)’, f(c) =) (ke)" fulc) + Olke)’.

n=0 n=0

The coefficients of the expansions can be found by back substitution in (3.8), (2.3),
(2.4) and expansion of the results for small ke. Functions ¥, are (a;t)-periodic
solutions of Laplace and Poisson equations, and in the case of deep water they can
be represented as linear combinations of terms €'¢sin(j(a + t)), where i and j are
integers. When i = j we have a regular wave solution of the Laplace equation, and
terms with i # j are used to balance non-homogeneous terms in equations arising at
higher orders. The periodic part of the solution is found to be

Wy =esin(a—t), W =0, ¥ =3¢ sin(a—1),
Wy = (1e* — 2 e sin(2(a — 1)), (5.3)

U= (342 sin(a — 1)+ (% + 115 ¢ sin(3(a — 1)).

Functions f, balance the non-periodic terms of the equations, and the corresponding
expansion is

f(c) = (ke)e*c + 2(ke)’e*c + O(ke)®. (5.4)
The free-surface condition (2.4) can be satisfied only for a specific value of the

dispersion parameter ¥, leading to the following expansion for the dispersion

relation:
w

W= NG =1+ L(ke)’ + 3(ke)* + O(ke)°. (5.5)
Functions ¥, are bounded at any time and for any value of their first argument.
The infinitely increasing term in (5.2) leads to the unbounded growth of «,, in (3.8)
while y,, remains bounded. Together with the convergence of the recursion (3.8) this
means that the solution for the vertical coordinate z remains bounded and the entire
solution is uniformly valid at all times.

The parameter ke has no clear physical meaning outside our method of solution.
To compare our results with results obtained by other methods it is convenient to
use wave steepness kA — 0 or A/A — 0 as a new small parameter, where 4 =2mn/k is
wavelength and

A=¢(z(0,0,0)—2z(m, 0,0))/2
is wave amplitude. These parameters are more physically relevant and independent

of the particular form of the solution. The asymptotic expansion of A with respect
to ke is

A =e(1+ (ke)* + Z(ke)* + O(ke)°),
and all results can now be re-expanded by using these new parameters. For example,
the expansion for the square of the phase velocity is

C? = (w/k)? = %(1 + (kA + L(kAY* + O(kA)°),

which reproduces the result obtained from the Stokes expansion (e.g. Schwartz 1974).

Expansions (5.3-5.5) can be interpreted in a dual way: (i) as low-order asymptotic
expansions for (ke — 0); (ii) as the first few terms of an infinite series, which in
the case of convergence for n — oo represents an exact solution. In the latter case
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there is no assumption on the smallness of the expansion parameter. A classical
example of such a duality is the Stokes expansion. Originally a low-order expansion
was obtained as an asymptotic solution for small wave steepness. However, after
the proof of convergence of the expansion for the whole range of wave amplitudes
up to the limiting one given by Levi-Civita (1925) and Krasovskii (1960), it became
possible to consider expansions truncated at large n as exact solutions calculated with
a certain accuracy (e.g. Schwartz 1974; Cokelet 1977). Comparison of the few first
approximations with the exact solution can give an insight into a possible solution
behaviour for large n. Figures 2-5 show selected examples of such a comparison.

Applying the arguments used for the model solution (3.9) we can obtain critical
values of the steepness parameter ke and crest elevations of limiting profiles of
asymptotic solutions of different orders. Without loss of generality we perform this
analysis at r+ = 0. The first-order solution then coincides with the model solution
(3.9), and we obtain all results in the closed analytical form. For more complicated
third- and fifth-order solutions, transcendent algebraic equations analogous to (3.10)
are solved by iteration. For the first-, third- and fifth-order asymptotic solutions
we found the critical values of ke to be 0.736, 0.459 and 0.400 respectively, and the
corresponding values of z at wave crests are 0.318, 0.196, 0.164. The direct calculations
of the recursive solutions give identical results. Figure 2(a) shows limiting profiles
corresponding to different orders of the asymptotic solution compared with the exact
limiting profile from Williams (1981). In §2 we have shown that the critical profile
of the model solution has a cusp at the wave crest. The same applies to the first-
order asymptotic solution. We do not prove this result for the third- and fifth-order
solutions, but referring to figure 2, we can suggest that they also have a similar
singularity at the crests of limiting waves, which differs from the corner at the crest of
the actual limiting wave. Apart from this, the shape of the asymptotic limiting profiles
is reasonable and approaches the exact limiting profile as the order of the asymptotic
solution increases. The asymptotic wave profiles of different orders with the steepness
equal to the steepness of the actual limiting wave A/4 = 0.0706 also converge to the
exact solution, as can be seen on figure 2(b). Horizontal velocity profiles for different
orders of asymptotic solution for a wave of steepness A/A = 0.0706 shown on figure 3
also demonstrate convergence to the exact solution for the limiting wave calculated
by Williams (1981). The agreement between the exact and asymptotic solutions of
high orders is quite good apart from the region of the highest volume deformation
near the wave crest. Figure 4 shows the dependence of the densities of the kinetic and
potential energies on the wave steepness for asymptotic solutions, in comparison with
the exact result of Longuet-Higgins (1975). There is an excellent agreement for waves
of small and moderate steepness and improvement of the high-amplitude results for
higher orders of asymptotic solution. The fifth-order solution provides a very good
agreement for both 7T and V for amplitudes up to A/4A = 0.06. The exact solution
has an energy maximum below the highest wave, whereas the asymptotic solutions
do not have this property and reach maximum energy at their, significantly higher,
limiting solutions.

Although we consider an irrotational flow, we have zeros only for the first few
terms of an asymptotic expansion for the vorticity distribution §2(a, c¢), and non-zero
terms appear at higher orders. The distribution of this non-physical vorticity for
different orders of the Lagrangian asymptotic solution is presented in figure 5. For
the wave of moderate amplitude (A/4 = 0.05) a considerable reduction of unphysical
vorticity for higher-order solutions can be clearly observed. For a high wave amplitude
(A/4 = 0.0706) in the region of strong local fluid deformation near the free surface
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FIGURE 2. (a) Convergence of the limiting profiles for different orders of the Lagrangian
asymptotic solution to the actual limiting profile, and (b) convergence of the wave profiles
with steepness A/2=0.0706 for different orders of the Lagrangian asymptotic solution to the
actual limiting profile. The dashed line represents the profile for a fifth-order Stokes expansion
with A/A=0.0706. n = oo refers to the actual limiting profile as presented by Williams (1981).
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FiGURE 3. Profiles of horizontal velocity under troughs and peaks of a regular travelling wave
of the limiting steepness A/4 = 0.0706 for different orders of the Lagrangian asymptotic
solution. n = oo refers to the exact solution for the limiting wave as presented by Williams
(1981).
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FIGURE 4. The densities of the kinetic (7') and potential (V') energies as functions of the wave
amplitude for different orders of the Lagrangian asymptotic solution. n = oo refers to an exact
solution as presented by Longuet-Higgins (1975).

the improvement is not so obvious. However, this occurs in a region near the free
surface, which becomes narrower for higher-order solutions due to faster exponential
decay of the vorticity with depth.

6. Discussion

The principal result of the paper is the reduction of the Lagrangian continuity
equation (2.1) to the linear Eulerian form (3.4). This result is quite general and can
be applied to any two-dimensional continuous flow. We have demonstrated that the
mean point (&, y) between the original and final points of an area-preserving mapping
(a, c) — (x, z) satisfying (2.1) can be represented as a fixed point of a two-dimensional
transformation (3.7). Components (&, ¢) of a transformation function satisfy the linear
continuity equation (3.4) and can be expressed via a single differentiable function ¥
(3.5). Not all functions ¥ result in a fixed point and therefore an area-preserving
mapping. Various fixed-point theorems (e.g Zeidler 1998) can be applied to specify
sufficient conditions of existence of a fixed point for any particular ¥. We give
an example of the application of a one-dimensional fixed-point theorem to a simple
model solution (3.9). The condition (3.6) of the regularity of a mapping (a, ¢) — («, y)
and the convergence of the recursion (3.8) also provide sufficient conditions for the
existence of an area-preserving mapping. We should emphasize that all conditions
discussed here are sufficient and breaking of any of them does not mean that the
mapping does not exist. An important question is the physical meaning of functions
¥ which do not generate an area-preserving mapping for the whole domain occupied
by fluid. A possible example is the model solution (3.9) with an amplitude higher than
the critical one. It is clear that flows with smooth solid boundaries always remain
continuous and a properly formulated dynamical problem for ¥ does not have such
solutions. For flows with a free surface, however, phenomena involving the loss of
surface continuity are possible, such as jet formation on a crest of a high-amplitude
standing wave (Bredmose et al. 2003), or spilling breaking of a steep travelling wave in
deep water (Banner & Peregrine 1993). Therefore, for free-surface flows the dynamical
evolution of ¥ can potentially lead to situations when in certain regions of a fluid
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FiGUure 5. The absolute value of vorticity generated by the neglected terms of the asymptotic
expansion for (a) the first, (b) third and (c) fifth orders of the Lagrangian asymptotic solution.
A/2 =0.05 (left) and A/A = 0.0706 (right).

domain it will not generate an area-preserving mapping, and we expect that such
solutions can be associated with physical flow discontinuities.

Regarding a regular travelling wave, we have obtained the first few approximations
of a uniformly valid small-amplitude asymptotic solution. These approximate
solutions can at the same time be the leading terms of an infinite sequence, which
for n — oo converges to an exact solution for a finite wave amplitude. We cannot
prove the convergence of the whole sequence as n — co. However, by analysing
the first few terms we can suggest the whole sequence behaviour for large n. Fast
convergence takes place for regions of small local deformation of fluid volume. This
can be clearly observed for internal points on the plots of figure 5, especially for
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a small-amplitude solution. The situation is not so obvious for strongly deformed
regions near the free surface. For example, asymptotic limiting profiles have cusps
at wave crests (figure 2a). This significantly differs from a corner at the crests of an
actual limiting wave. Nevertheless, for higher-order solutions the region where the
local steepness of an asymptotic profile grows rapidly and generates the cusp shrinks
to a small vicinity around the wave crest. The shape of profiles outside this small
region is physically reasonable and approaches the actual limiting profile as the order
of the asymptotic solution increases. The structure of the vorticity of large-amplitude
asymptotic solutions (e.g. figure 5, right-hand column) suggests possible non-uniform
convergence, when the value of vorticity in a region near the free surface does not
vanish as n — oo. The region, however, becomes thinner as n grows, and in the limit
it could form a vortex sheet on the free surface. Altogether, the results show that
the entire sequence of approximate solutions can converge for increasing n. We can
suggest that uniform convergence takes place for x and z, while the convergence of
their spatial derivatives on the free surface is not uniform for large wave amplitudes.
Regardless of the convergence of expansions for n — oo, our solutions are consistent
if treated as low-order asymptotic approximations for small ke.

There is a close link between the recursive solution (3.8), (5.3)—(5.5) and a Stokes-
type Lagrangian expansion (5.1). Both methods provide the same expansions for
the mean velocity of the Stokes drift and for the dispersion relation. The nth-order
Stokes-type expansion can be obtained as an expansion of the nth- or higher-order
recursive solution in a series for small ke. This is not surprising, for these are two
asymptotic representations of the same solution, and they differ by the type of
convergence for large n. The convergence of a Stokes-type Lagrangian expansion as
n — oo (if it exists) is not uniform at large times. Any finite sum (n > 3) of the
expansion for surface elevation increases without limit as + — oo. This is why for
ke — 0 any expansion with a finite number of terms is non-uniformly valid for large
t in a conventional asymptotic sense. On the other hand, an asymptotic expansion for
¥ (5.3) is a bounded function of ¢ and a. Together with the convergence of recursion
(3.8) this provides the boundedness of vertical displacement for any n, which means
that for small ke the solution for surface elevation is uniformly valid for large ¢.

An important question is the possibility of generalizing our results to three
dimensions. A general three-dimensional vector-function satisfying the linear
continuity equation cannot be expressed in terms of a scalar stream function, and
three components of a vector potential are required instead. A direct utilization of a
three-dimensional analogue of the recursive form (3.8) for representing components
of a vector potential leads to a solution which satisfies the continuity equation only to
O(ke)>. An analysis similar to that of §2 shows that three-dimensional transformed
coordinates analogous to (3.2) cannot depend only on particle coordinates, but
will include derivatives with respect to the Lagrangian labels. This makes the
construction of a three-dimensional recursive solution rather problematic, even if
a three-dimensional analogue of (3.2) exists, because fixed-point iterations will not
be applicable. Therefore, a generalization of the results to three dimensions is not
straightforward and requires further investigation.
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