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Abstract

Under the assumption of linear theory, the diffraction of regular waves by linear arrays of
vertical bottom mounted circular cylinders has been investigated. Both free surface
elevation and cylinder loading have been modelled using an analytical solution to the
diffraction problem. Linear NewWave theory has been reviewed as a method for
predicting the probable shape of extreme events from random wave spectra. Analytical
linear diffraction theory has been extended for application to incident NewWaves. The
diffraction of NewWaves by linear arrays of cylinders has been studied, with particular

emphasis on force and free surface magnification effects.
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1. Introduction

There is considerable interest in floating islands, particularly in Japan and the USA, for
use as airports, industrial plants, etc. There are two proposed design concepts, a floating
plate that is in direct contact with the water surface, and a plate supported above the water
surface on an array of many hundreds of floats. The latter design exhibits some
remarkable hydrodynamic interference effects in waves. At a simplistic level these effects
may be thought of as the result of multiple reflections off the floats, leading to quasi-
resonant standing wave type phenomena. However, when studied in greater depth, they
are found to be analogous to localisation effects produced when waves propagate through
crystal lattices. This behaviour is known to be sensitive to the number of repeating units,
the spacing of the units and the narrow band frequency content of the incoming waves.
The aim of this work is to extend existing analysis and modelling in order to provide

further insight into this phenomenon.



The emphasis of previous research has largely been on the estimation of hydrodynamic
forces, where considerable force magnification effects at critical wavenumbers have been
identified. It is only more recently that interest has been taken in the disturbance to the
free surface resulting from wave diffraction around cylinder arrays and, even today,
comparatively little data has been published for surface elevation. This paper presents data
for both cylinder loading and free surface elevation in the local vicinity of a cylinder array.
Initial analysis concentrates on incident regular waves, and is then extended to cover
incident focused wave groups. The vast majority of published research concerns itself
primarily with regular waves, and to the authors’ knowledge, no data have yet been
published for NewWaves incident upon linear cylinder arrays; only data for single
cylinders and groups of four cylinders arranged at the vertices of a square are available.

Non-linear behaviour is not considered in this study.

The analysis of wave-body interaction is a three-dimensional, fully non-linear problem,
which has not been truly solved, even in regular seas. However, if certain assumptions and
simplifications are accepted, low order analytical models can be developed. If the typical
dimension associated with a body (e.g. cylinder diameter) is sufficiently large compared
with the wavelength and surface wave amplitude, then separation effects due to viscosity
can be neglected and diffraction effects dominate. In addition, diffraction theory assumes
that the flow is incompressible and irrotational, and that surface tension effects can be
neglected. Together, these assumptions imply that a scalar velocity potential can describe
the flow, satisfying Laplace’s equation within the fluid domain.

Solutions to the linear diffraction problem have been successfully implemented and are
generally accepted in the offshore industry. It was Havelock (1940) who began work in
this area by developing an analytical solution for the diffraction of incident regular waves
from a single cylinder in water of infinite depth. McCamy and Fuchs (1954) extended this
result to finite water depth. Detailed reviews of this early work have been undertaken by
Mei (1983).

For the case of waves incident upon an array of bodies, the effect of a given body on the
incident wave will be to produce a scattered wave which will in turn be scattered by

adjacent bodies. Thus the computation of the velocity potential must account for the



diffraction of the incident wave field by each body and the multiple scattering from all
other bodies. A description of all the possible interactions that can take place is typically
provided by associating with each cylinder a general potential describing waves radiating
away from that cylinder. This potential, together with the incident potential, describes the
total wave field. Early work on this type of problem was associated with studies of pile
arrays and twin-hull vessels, and was usually limited to the evaluation of forces, which
can be calculated from the first order potential (Kagemoto and Yue, 1986, and many

others).

One possible solution to this interaction problem is via the calculation of diffraction by the
entire array of bodies acting as a single unit. A number of numerical methods are available
for this calculation and are discussed by Mei (1978). As the number of bodies increases,
these computations become difficult to perform. An alternative solution procedure
involves seeking a diffraction solution for each individual body in an array, and modelling
the multiple scattering for the array configuration using interaction theory based upon the
individual body properties. Twersky (1952) developed an iterative method incorporating
successive reflections between the cylinders. However, as the number of bodies in an
array increases, the number of interacting wave components grows rapidly and the
calculation becomes unmanageable. A third possible solution comes from a direct matrix
method, and was originally proposed by Spring and Monkmeyer (1974). By
approximating the scattered waves emanating from each body as a plane wave at the other
bodies, Simon (1982) produced a direct matrix solution for a uniformly spaced linear array
of axisymmetric bodies. This simplification is only valid for large spacing and is known as
either the plane-wave or wide-spacing approximation. Mclver and Evans (1984) extended
this approach to study wave loading on arrays of fixed vertical circular cylinders. Mclver
and Evans included a correction term in this plane-wave approximation and obtained
improved results over Simon (1982) at smaller cylinder separations (compared to

wavelength).

The scattering of water waves by arrays of fixed vertical circular cylinders was solved
exactly by Linton and Evans (1990). They significantly improved the above direct matrix
method by developing a simplified expression for the velocity potential in the local

vicinity of a cylinder. This expression provides an efficient method for the calculation of



force and free surface elevations. Linton and Evans (1990) present force and free surface
elevation data for regular waves incident upon a group of four cylinders situated at the

vertices of a square.

Maniar and Newman (1997) studied the forces on linear arrays of bottom mounted circular
cylinders aligned along an axis. Using a high order three dimensional spline-Galerkin
panel method, Maniar and Newman found that when the number of cylinders is large, but
finite, near-resonant modes occur between adjacent cylinders when they are at a critical
spacing, relative to the incident wavenumber. This results in large forces on each cylinder
in an array, compared to the force on an isolated cylinder. These modes are associated
with the existence of trapped waves in a channel; the existence of such trapped waves has
been established by Linton and Evans (1992), Evans, Levitin and Vassiliev (1994), Evans
and Porter (1997b) and other references cited therein. Motivated by the work of Maniar
and Newman (1997), Evans and Porter (1997a) used the interaction theory of Linton and
Evans (1990) to show how large peaks in the forces on circular arrays of four, five and six
cylinders develop as the gap between the cylinders is reduced. The largest forces were
found to arise when the near-trapped mode corresponds to a standing wave motion, in
agreement with the largest forces in linear arrays. Kagemoto et al. (2002) experimentally
analysed this trapped mode phenomena for linear arrays of cylinders. For incident regular
waves at the predicted trapped mode frequencies, the magnification effects observed were
substantially less than predicted by theory. Kagemoto et al. postulated that the observed
discrepancy was likely to be due to dissipative effects taking place at the boundary layers

around the cylinder walls.

In addition to dissipation effects, two further departures from the ideal conditions
discussed so far would be expected to mitigate the considerable magnification effects
predicted for large linear arrays. These are: (1) disorder in the array geometry (i.e. varying
cylinder spacings and/or diameters), and (2) departure from the assumption of
monochromatic incident waves. The implications of disorder have been considered by
Duclos and Clément (2004), who showed that a small level of disorder (less than 0.5% of
the cylinder spacing for the array they considered) is sufficient to substantially reduce the

large forces associated with near-trapped modes.



In this paper the second mitigating effect is considered, the fact that real ocean waves are
not regular. In particular, the interaction of a focused wave group (the so-called NewWave
model of behaviour in the vicinity of an extreme wave) with a cylinder array is
considered. This paper is arranged as follows. Section 2 reviews linear interaction theory
in regular waves and Section 3 extends this for application to NewWaves. The interaction
analysis is based on the truncation of an infinite series, and the matter of convergence is
addressed in Section 4. Results in regular waves are presented in Section 5, both to
confirm the implementation through comparisons with other published data, and to
provide some new observations on wave elevations near linear arrays. Behaviour in

NewWaves in finally covered in Section 6.

2. Formulation of the interaction analysis

The interaction theory of Linton and Evans (1990) is summarised for use in analysing the

diffraction of incident water waves from linear arrays of cylinders.

Under the assumption of linear water wave theory there exists a velocity potential
®(x,y,z,t), where x and y are coordinates lying on the mean free-surface, z is the vertical
coordinate (positive upwards) and t is time. The cylinders extend vertically throughout the
fluid domain between the free surface (z=0) and the bottom (z=-h). The geometry is thus
independent of the vertical coordinate. Assuming that all motion is time harmonic with

angular frequency w the following can be written:

®(x,Y,2,t) = Re[o(x, y) f (2)e "] (1)
where
F(2) = - igA coshk(z +h) @)
) coshkh

and A is the wave amplitude. The frequency w and wavenumber Kk are related by the

dispersion relation:
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where g is the gravitational acceleration.

The effect of a cylinder in the path of an incident wave is to produce a scattered wave that
will in turn be scattered by adjacent cylinders. This repeated scattering continues
throughout the array of cylinders and a suitable description of all the possible interactions
can be provided by associating with each cylinder a general potential that describes waves
radiating from that cylinder. The two dimensional function ¢ is thus defined as the sum of

an incident potential @, and a scattered potential @s.

In an effort to simplify the notation used by Linton and Evans (1990), here attention will
be restricted to an array of N identical cylinders, each of radius a, equally spaced along the

x-axis with their axes centred at x=x; (j = 1,2,....,N) and xj+1-x; = 2d (see Figure 1).

N+1 coordinate systems will be used: one set of global polar coordinates (r,0) centred at
the origin, and N sets of local polar coordinates (r;, 6;) centred at x=x; along the x-axis (j =

1,2,...,N). These coordinate systems are defined by:

X +iy = re® (4)
and

(x—xj)+iy:rjeiel. (5)

The velocity potential of an incident plane wave propagating at an angle [ to the x-axis
can be expressed in the form:

iK(xcos B+ysin ) ik(rcosB cos B+rsin@sin ) (6)

9, =e =e
By introducing a phase factor, I;, associated with the j™ cylinder, this expression can be

written in terms of the local coordinates associated with the j™ cylinder as:



(P| - jeiKrj cos(6;—B) (7)

where

| j :einjcosB. (8)

The incident velocity potential, @, is now expressed as a sum of Bessel functions using the
relation (Abramowitz & Stegun, 1996):

_ o _ ® in(©+7)
pikrcosd _ Z(I)ﬂ Jn(KI’)eme - ZJH(KI’)em "2 , 9)

n= N=—00

This leads to:

in(ermg) |

¢ =1, i‘]n(Krj)e (10)

The general form of the scattered potential associated with the j™ cylinder is expressed in
the corresponding form:

¢sj = i:Aanan(K‘rj)eimgj (11)

for some set of complex numbers AJ (defined later). Here H,, = J,+iY, denotes the Hankel

function of the first kind, and the factorZ] is given by:

(k) (12)
H, (ka)
Z, is introduced here purely for convenience later when satisfying the boundary condition

of zero radial velocity on each cylinder.



This expression for (psj is justified by recalling that cpsj must satisfy Laplace’s equation in

the fluid domain and by asserting that the scattered wave system must consist of outgoing

waves from the cylinder. Note also that each term in (11) is singular at the cylinder axis.

The total scattering potential of the array is simply the sum of (11) over all cylinders in the
array. The total potential is thus given by:

N . . . N o . X
P=0, +Z(psj :elK(xcosB+ysmB) +Z ZAnJZan(Krj)emej- (13)

j=1 j=ln=—

This expression can be written in terms of the local coordinates of the k™ cylinder using
Graf’s addition theorem for Bessel functions. For our purposes here, this theorem can be

written most usefully as:
Ho(kr)e™ = 37 30 (K H pym (KR e M-8 M (1)
Mm=—o0

where Rjk = |x;-xx| and aj is the angle defined positive anticlockwise from the positive x-
axis to the line joining the centres of cylinders j and k. For the simplified geometry studied

i(n+m)a n+m. «

here the e * term can be replaced by (x1)"; ‘+’ if k>j and ‘-* if k<j, corresponding

to ajx = 0 and T respectively.

Therefore:

i in(8,—B+=) -
o(rc,8¢) = Z I J,(kr)e g +Ar|1(2n|'|n(*<"|<)elnek
N=—o0

(15)

N o 0

FY Y S AIZH o (kR )3 (k1))

j=1 n=—o m=-o0
J#k

The first term in this expression represents the velocity potential of the incident plane
wave plus the scattered potential due to the k™ cylinder. The second term comes from

Graf’s addition theorem and represents the sum of the scattered potentials due to all



cylinders other than the k™ cylinder, written in terms of the local polar coordinates centred
at the axis of the k™ cylinder. As noted by Linton and Evans (1990), by using the addition
theorem in order to write functions of (r;,6;) in terms of (r,08k) one must assume that
Nn<Rj. Thus (15) is valid if r,<Rj for all j (i.e. r<2d), and so is an expansion valid close

to cylinder k only.

In the derivation of Linton and Evans (1990) the unknown coefficients A’ are determined

by imposing the boundary condition of zero radial velocity on each cylinder; Linton and
Evans differentiate (15) with respect to ry and set the result equal to zero on ry=a. To
simplify the analysis here a simpler approach suggested by Maniar and Newman (1997) is
followed. This approach (which ultimately leads to the same result as that using the
method of Linton and Evans) involves anticipating that the most general ‘local’ solution

near the k™ cylinder can be expressed in the form:

0.8 = 3 AK[Z,H, (kn) - 3, (kr) ™. (16)

N=—o0

This formula can be justified on the basis that:

i @ o
ory (-

ii.  The two terms are solutions to Laplace’s equation.

iii.  The Hankel function H, specifies outgoing waves.

Equation (16) provides a very simple formula for the velocity potential near any cylinder
(re<2d).

Now, on each cylinder (15) and (16) must be equal. Thus equating the Fourier coefficients

with the same harmonic in 6y provides the following linear system of equations:



N © . )
AL+ I ED"AIZ H (KR ) =1, iMe ™, (17)

j=1 n=—o0
J=k

Herek=1,2,....N and -oo<m<oo.

Finally, in order to evaluate the constants AJ, the infinite system of equations (17) is

truncated to an N(2M+1) system of equations in N(2M+1) unknowns:

N M ) .
Arl:]-i-z Z(il)n_mAnlann*m(KRjk):_lkime_'mB. (18)

j=1 n=—M

j=k

Herek=1,2,....N and -M<m<M.

Increasing M will obviously increase accuracy but at the expense of computing time. It is
suggested by Linton and Evans (1990) that for all cases except where cylinders are very
close together, taking M=6 produces results accurate to four significant figures (this will

be discussed further in Section 4).

2.2 Wave elevation

An expression for wave elevation is now derived. By invoking the assumption of linearity
in Bernoulli’s equation and defining the time varying free surface as z = n(xt), the

dynamic condition on linearised pressure gives:

od
~——+gn=0 19
ot an (19)

on z = 0. Rearranging for n and substituting (1) and (2) into this yields:

n=Re 1 i iIgA coshK(z +h) oot . (20)
g W cosh kh -0
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Simplification leads to:
N = Re[pAe "']. (21)

For the evaluation of free surface amplitudes near to a particular cylinder (i.e. re<2d), @
can be given by equation (16). For ry >2d equation (13) must be used. It is worth noting
that when using (13) far from the reference origin, ¢, should not be expressed as a sum of
Bessel functions as many terms would be required in the resulting sum and hence increase

the computation time.
2.3 Forces

An expression for the force on the j™ cylinder is obtained by integrating the pressure over

the surface of the cylinder. The horizontal force in the x-direction is:

02n
F, = —_[ j p cos6 adfdz. (22)
—h 0

By linearising Bernoulli’s equation the following expression for pressure is obtained:

oP
=—p| —+0z |, 23
S =
leading to:
02n
F,=p J' ai)cosE) adbdz. (24)
-h0 ot

Substituting (1) and (2) into (24) gives:

02n
F, = Re{— iij I(p(_ i%%) cos6 adfdz e‘i““} (25)
-h0

11



Defining X ! as the time independent factor of the force on cylinder j and carrying out the

integration in z leads to:

F, = Re[X Je7*!] (26)

where

ij—pgAa

2n
tanh kh j(pcosej de;. 27
0
The expression for the force in the y-direction (F, = Re[Y Je7''1) is identical except cosf;
is replaced with sin®;.

Using Wronskian relations for Bessel functions, equation (16) can be manipulated to

obtain an expression for the velocity potential on the surface of the k™ cylinder:

0(a,0,)=- 2 i A e (28)
K mKa /==, H, (ka)

Substituting (28) into (27) and carrying out the integration gives:

i 2pgAtanhkh. -
xl=—i92H,(Ka) i(Al - AL). (29)
1

Similarly for the force in the y-direction:

yi _ _ 2pgAtanhkh (A), + A)). (30)

k’H, (ka)

3 Linear diffraction of a NewWave from an array of cylinders
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In regions such as the North Sea and the Gulf of Mexico the design of offshore structures
is principally concerned with responses to environmental loads and peak free surface
elevations generated by extreme storms. As an alternative to running many hours of
random time domain simulation, the convenient ‘design-wave’ known as NewWave can
be used (Tromans et al. 1991). The linear NewWave is the scaled auto-correlation

function which is defined by:
l 0
p(1) = 0—2_[8,]” (w)cos(wt) dw (31)
0

where o is the standard deviation of a wave record, Sy, is a wave energy spectrum and 7=
t-to, the time relative to the time of occurrence of the large crest. The shape of the
NewWave, as described by equation (31), can be discretised by a sum of a finite number N
of sinusoidal components. For completeness, the definition is now extended to include
spatial dependencies, but limiting this to uni-directional seas. The discretised NewWave

can be written as:
o N
n(x,1) :O—ZZSnn (w,)dwcos(k, X —w,T) (32)
n=1

where X = x-Xo, the distance relative to the point of occurrence of the large crest, « is the
linear crest amplitude and K, is the wavenumber of the n™ sinusoidal component. The

wave energy spectrum, Sy, used in this study is the Pierson-Moskowitz spectrum.

NewWave hence models the irregular shape and random background of large ocean waves
as a set of independent wave components. A linear NewWave involves the superposition
of these components with an extreme crest being generated when many of the components

composing the spectrum come into phase.
The linear diffraction theory outlined in Section 2 can be applied to NewWaves. This is

achieved through the linear superposition of the diffracted wave field for each frequency

component of the incident wave. Equations (21) and (32) can be used to provide the

13



following expression for the free surface elevation resulting from the scattering of an
incident NewWave:

a9 —i(K, X +0,T)
n(x, y,t)=0—228m(wn)dwRe[(pn(x, y)e KXot ] (33)
n=1

with the focused crest being parallel to the y-axis at (xo,y,to). The potential @, can be
evaluated using (13) or (16), depending on the proximity to the cylinders. The force can be
computed in a similar manner. Note that the incident wave direction, [3, is assumed to be

zero in these expressions.
4. Solution of the diffraction analysis: convergence tests

The linear diffraction theory described here has been implemented using the mathematical

software package MATLAB®. The complex constants, AJ, are computed using the

truncated system of equations (18). Before proceeding to use the theory to study near-
trapped mode phenomena, the sensitivity of the calculations to the value of M in (18) is
investigated. In Section 2.1 it was mentioned that Linton and Evans (1990) found that
using M=6 produces results accurate to four significant figures, except in cases where the
cylinders are very close together. For the purposes of plotting results in this study, it has
been deemed that using M=4 should produce values of sufficient accuracy, whilst
retaining a manageable computation time. In an effort to justify this decision, the surface
wave elevation on the x-axis at a point midway between two cylinders (total array size
N=2) for a number of different geometrical ratios (a/d) has been evaluated. Three test
frequencies have been considered, corresponding to kd = /2, m and 2. For each case the

waves propagate parallel to the x-axis (i.e. f=0). The results are summarised in Table 1.
The following can be concluded from Table 1:
(1) As one would expect intuitively, when the cylinders are brought closer together

and when the frequency is increased, a larger value of M is needed to achieve a

specified accuracy.
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(i) M=6 produces results accurate to four significant figures, except in cases where
the cylinders are close together and/or the frequency is high.

For the analysis undertaken within this paper, M=4 will indeed produce sufficiently

accurate results.

Later the occurrence of near-trapped modes at critical wavenumbers will be studied.
Without offering further explanation of trapped modes here, the wave elevation associated
with a trapped mode varies more rapidly and so one may expect to need to use a larger
value of M to achieve a specified accuracy. This hypothesis has been explored for an array
of 10 cylinders, as this is the smallest array for which published data are available on
trapped modes. The conditions for this test are: N=10, a/d=0.8, kd=1.285175 (Maniar &
Newman, 1997). Based on values of normalised wave elevation at the centre of the array
(i.e. midway between cylinders 5 and 6), it has been found that to achieve four significant
figure accuracy under these conditions a minimum value of 7 must be used for M.
Comparing this to the two cylinder test case, for which a/d=0.8 and kd=mn/2 (>1.285175),
one can conclude that a larger value of M is indeed needed to achieve a specified accuracy
under trapped mode conditions. Based on these results alone, this statement of course
neglects any dependency on array size (which is expected to be minimal). It is worth
noting that the error incurred here for the trapped mode case, through use of M=4 rather

than M=7, is only 1%, which is perfectly acceptable for plotting purposes.

5. Results and discussion: regular waves

5.1 Forces

As an introduction to near-trapped modes, some results first published by Maniar and
Newman (1997) will be reproduced. The first set of force results presented show the
magnitude of the horizontal wave force acting on the middle cylinder of an array of nine,
in head waves (i.e. p=0) over a range of frequencies. The results have been produced for
two geometrical configurations where a/d=1/4 and a/d=1/2. The wave force on a single
isolated cylinder of the same radius has been included for comparison. These results are

shown in Figure 2, normalised on the basis of unit wave amplitude, density, depth,
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cylinder radius and gravity. It is worth emphasising that the plots show the force on a
single cylinder, not the total force on the cylinder array that would be expected to increase
with array size. The results correspond to those obtained by Maniar and Newman (1997)

using a high order three dimensional spline-Galerkin panel method.

These plots illustrate the significance of the parameter kd which relates the spacing
between adjacent cylinders to the wavelength, with respect to wave interference. The most
distinctive feature is a sequence of narrow peaks that occur when kd is slightly less than
m/2 times an integer. The highest peaks are approximately three times the force on a single
isolated cylinder; it will be seen later that this multiplicative factor increases with the
number of cylinders in the array, N. The origins of these peaks will be further addressed in

this section and later studied for NewWaves incident upon linear arrays of cylinders.

In order to assess the magnitude and character of these peaks for different array sizes,
similar plots for arrays of 3 and 19 cylinders are presented (Figure 3). These array sizes
have been chosen somewhat arbitrarily, purely for comparative purposes. For both cases
the diameter/spacing ratio a/d=1/4 and the incident waves are propagating in a direction
parallel to the array (i.e. f=0).

Again here a sequence of peaks is present that occur when kd is slightly less than /2
times an integer. The magnitude of the peaks appears to increase with the number of
cylinders in the array; for the 3-cylinder array the highest peak is approximately 1.5 times
the force on a single isolated cylinder, whereas for the 19-cylinder array the multiplicative
factor is approximately 4. In addition, as originally noted by Maniar and Newman (1997),
the bandwidth of the peaks reduces (i.e. the peaks become narrower) as the size of the

array increases.

A connection has been identified between the peak forces acting on a finite linear array of
cylinders in head waves and trapped waves around a corresponding cylinder in a channel.
The frequencies at which these large magnification effects occur are referred to as near-
trapped mode frequencies. A detailed description of trapped modes is given by Linton and
Evans (1992) and Evans and Porter (1997b). Trapped modes are of two types, namely

Neumann trapped modes and Dirichlet trapped modes. The Neumann trapped modes,
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satisfying Neumann conditions on all solid boundaries and a Dirichlet condition on the
centre plane, have been shown to exist for O<a/d<l1. Physically the Neumann trapped
modes describe an antisymmetric sloshing motion about the centre plane of the channel
which is confined to the vicinity of the cylinder and decays rapidly down the channel. The
second type, Dirichlet trapped modes, satisfy a Neumann condition of no normal flow
through the cylinder surface but Dirichlet conditions on both the channel “walls” and the
centre plane. Dirichlet trapped modes have no obvious physical interpretation in the
context of water waves in a channel but are well documented in acoustical literature where
they are termed acoustic resonances. The case of a finite array of cylinders in open water
does not produce exact trapping, and the corresponding phenomenon is commonly
described as “near-trapping”. Both Neumann and Dirichlet trapped mode cases will be

examined below in the discussion of wave elevation magnification effects.

5.2 Wave elevations

Free surface elevation results for incident regular waves are presented next. For all cases
in this section, the normalised amplitude of the free surface elevation, given by equation
(21) as |g|, is shown. The free surface elevation on the upstream face of the first and
middle cylinders in an array of nine cylinders (for a/d=1/4) is plotted against kd/m in
Figure 4. For comparison, the free surface elevation on the upstream face of a single
isolated cylinder is also plotted. The plot for the middle cylinder can be compared with the
load frequency response plot shown in Figure 2 (a). The plots bear considerable
resemblance, both being comparably narrow banded with corresponding peaks occurring
at the same frequencies. The largest deviations occur around the high and low frequency
peaks (kd/m=0.5 and 2.5) although it should be borne in mind that one would not expect
the two frequency response plots to be identical; Figure 4 plots the free surface elevation
on the upstream face only (including all Fourier harmonics in the truncated form of
equation 16), whereas to calculate force one must consider the integrated effect of surface
elevation around the circumference of the cylinder (to which only the terms n=x1
contribute). The plot for the single isolated cylinder (which is effectively plotted against
Ka/m) is as one would expect; as ka/m becomes large, the normalised free surface elevation
on the upstream face approaches two. This can be explained by imagining a fixed

frequency incident wave (i.e. fixed k). Then, as ka/m increases, a increases and the
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cylinder begins to resemble a flat wall hence resulting in a standing wave. One would
expect similar behaviour for the first cylinder in the array of nine, and this is shown to
some extent in Figure 4, although peaks are of course present due to interaction effects

with the other cylinders.

The free surface elevation at Neumann and Dirichlet near-trapped mode frequencies are
now examined. These frequencies for a number of array sizes are given by Mainar and
Newman (1997). Figure 5 shows the free surface elevation in the local vicinity of an array
of 10 cylinders, each of radius 1m, for a Neumann near-trapped mode (N=10, a/d=1/2,
Kd=1.346352, f=0). Both a three-dimensional surface elevation plot and a contour plot are
shown. Figure 6 shows similar plots for a Dirichlet near-trapped mode (N=10, a/d=1/2,
Kd=3.060920, =0).

From force analysis undertaken by Maniar and Newman (1997), one would expect the
wave elevation for a Neumann near-trapped mode to increase towards the centre of the
array. A curious observation (which is not clearly shown in Figure 5 but can be seen in a
cross-section of the surface) is that the normalised surface elevation remains high
(In/A|~1.71) on the downstream face of the last cylinder. One would perhaps expect more
sheltering and that |n/A|<1, which is indeed the case for all other test cases examined.
However, for a Neumann near-trapped mode |n/A| is found to remain greater than one for a
distance of ~150m downstream of the last cylinder. It is known that the scattered wave
amplitude far enough away from a body decays as 1/(kr)*, where r is the radial distance
from the centre of the body. If one considers the cylinder array as a single body of length
2b, and measures r from the centre of the array, our results suggest that as far out as r=10b
the surface elevation for a Neumann near-trapped mode still does not fall off fast enough
to satisfy the 1/(kr)” dependency. The cause of this behaviour is likely to be related to

localised effects associated with the trapped mode.

An incident wave at the Dirichlet near-trapped mode frequency results in a lower free
surface magnification than a Neumann near-trapped mode, with the peak elevation
occurring in the first half of the array (see Figure 6). The contour plot for this mode almost
suggests a discontinuity in behaviour in the space either side of the third and fourth

cylinders, evidence of complex local effects some distance from the line of the cylinders.
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A further observation relating to both trapped modes concerns the positioning of a free
surface maximum relative to the upstream face of the first cylinder. Typically, one would
expect to see a maximum coincident with the upstream face of the first cylinder, as is
obviously the case for a single isolated cylinder, and this is observed for all kd except the
critical near-trapped mode values. Again, this departure from what might be expected can

almost certainly be attributed to localised effects associated with the trapped modes.

A number of simulations have been studied in addition to the two trapped mode cases
discussed thus far. In an attempt to offer the reader some insight into a more common
‘non-resonant’ free surface disturbance, results are presented in Figure 7 for the
conditions: a/d=1/2, kd=2, =0. Note that there is no significant magnification of the free
surface throughout the array and that a maximum coincides with the upstream face of the
first cylinder.

Similar behaviour to that discussed in this section is also observed for larger arrays. At the
near-trapped mode frequencies, the free surface magnification increases in approximate
proportion to the size of the array and as found for force magnification effects, the
frequency response becomes more narrowly banded as the array size increases. Also,
allowing the incident waves to propagate at non-zero incident angles results in reduced

free surface magnification and a broadening of the frequency response peaks.

6. Results and discussion: NewWaves

6.1 NewWave profile

All analysis within this section assumes deep water. For this assumption to be valid, the
water depth, h > (maximum wavelength)/2. Hence, by identifying the lowest significant
frequency component associated with the discretised spectrum (Pierson-Moskowitz), it

has been decided to use h=500m for all test cases.

The investigation here is for a sea-state characterised by a significant wave height H;=12m

and a zero mean crossing period T,=10s. Using various published statistical relationships
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(see, for example, Faltinsen, 1990), a realistic maximum crest amplitude for this sea-state
of 13m has been computed. This value will be used throughout.

The NewWave formulation (e.g. equation 32) is implemented using a standard FFT
algorithm, in which a Nyquist frequency of wns =1.405rad/s has been assumed for the
studied sea state. For frequencies larger than this, a spectral density of zero has been used
for padding up to the maximum frequency of wma=2wn =2.81rad/s. This ensures no
corruption of the spectrum at high frequencies (i.e. no aliasing). The wave energy
spectrum is divided into 200 frequency components (i.e. dw=0.01405rad/s). This produces

accurate results whilst retaining a manageable computation time.

6.2 Forces

Force results are presented for the case of a linear array of cylinders each of radius 15m
loaded by the NewWave. Clearly there are many test simulations that can be run (e.g.
focusing the NewWave at different points in space etc.): the aim here is to present results
that provide a useful insight into the interaction of NewWaves with a linear array of

cylinders.

Figure 8 shows the force time history for a single isolated cylinder with a NewWave
focused on its upstream face at time t=0. The maximum force occurs when the wave slope
is close to its maximum as force is approximately in phase with the local horizontal
acceleration. Hence the maximum force does not occur at time t=0. In addition, a small
phase shift, from the time of maximum wave slope, is introduced by diffraction effects.

The maximum load magnitude for this case is 164.1MN.

A three-cylinder array is next considered. The cylinders are again of radius 15m and
spaced 120m apart, which is approximately the crest-trough separation of the NewWave in
space - i.e. for a NewWave focused on the second cylinder, the first and third cylinders
will approximately coincide with the deepest troughs of the NewWave. The force pattern
resulting from a NewWave being focused on the upstream face of each cylinder in turn
will be examined. Table 2 gives the initial (i.e. t=0) force and maximum force magnitude

on each cylinder.
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As one would expect, the cylinder that has the NewWave focused on its upstream face
(referred to as the focused cylinder) experiences the largest loads, both initially and over
an extended time period. The differences between the forces on the cylinders for each test
case are comparatively large initially, and as time progresses each cylinder experiences a
force greater than its initial value. For each of the three cases considered, the maximum
force magnitude experienced by the focused cylinder is only marginally greater than that
experienced by a single isolated cylinder (=164.1MN). The largest force magnification
occurs when the NewWave is focused on the second cylinder, where the maximum force
magnitude experienced by the focused cylinder is 2.7% greater than that on a single

isolated cylinder.

Larger arrays will now be examined in an attempt to establish whether this force
magnification increases with array size, as it does for regular waves. Again cylinders of
radius 15m spaced 120m apart (a/d=1/4) are considered. Figure 9 shows results for arrays
of 10, 25, and 50 cylinders. In each case, one of the central cylinders has been chosen as
the focused cylinder. Both initial forces and maximum force magnitudes have been plotted
throughout the array.

These results show how interaction effects between the cylinders for large arrays strongly
influence the resulting loading pattern. In none of the cases studied here does the
maximum load magnitude occur on the focused cylinder, and for the 25 and 50 cylinder
arrays, the focused cylinder does not even experience the largest initial force. The
maximum force magnitude for the 10-cylinder array is comparable to that for a single
isolated cylinder, although the 25 and 50 cylinder arrays exhibit some degree of force
magnification; the maximum force magnitude in each case (~205MN) is approximately
25% greater than that on a single isolated cylinder. It would be difficult to draw any
definite conclusions from these results alone, as it is overwhelmingly likely that a different
focus point will result in an increased cylinder loading. However, it would certainly seem
as though the load magnification observed at critical wavenumbers for regular waves is
not so severe when integrated over a continuous spectrum. This is what one would expect
considering the narrow banded nature of the peak forces and free surface elevations

observed for regular waves at the near-trapped mode frequencies.
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The maximum force magnitude plots presented here could be useful for design purposes,
although obviously each of these loads will not occur at the same instant in time. A useful
design exercise would perhaps be to identify the largest cylinder force, determine the time
at which this occurs, and then compute the load on all other cylinders at this time. The
maximum load distribution possible as a result of NewWave loading could be sought by
systematically focussing the NewWave at a predetermined number of incremental
positions along the x-axis. However, further insight into the maximum load distribution
could be obtained without the need for such lengthy computation, from the data presented
in Figure 9. One would simply need to note the time at which the maximum cylinder load
occurred, determine the position of the NewWave crest at this time, and finally compute
all forces again for the NewWave focused at this position. This will almost certainly result
in an increased load distribution. It would also be plausible to generate similar results to
those presented in Figure 9 for the spectrum with a peak frequency corresponding to a

near-trapped mode spacing for the studied array.

6.3 Wave elevations

The free surface elevation resulting from the diffraction of the same incident NewWave
(of crest elevation 13m) is now investigated. Firstly, the case of the NewWave focused on
a single isolated cylinder of radius 15m is considered. Figure 10 shows the free surface
elevation along the x-axis at time t=0, and a time history of free surface elevation on the
upstream face. In both cases the incident and total waves are shown. The maximum
surface elevation is found to almost coincide with the focus time t=0; diffraction effects

introduce only a small phase shift (~1.6 seconds).

Following a similar sequence of investigation to that followed for force, a three-cylinder
array is now considered, again using radius a=15m and spacing 2d=120m. Figure 11
presents plots of free surface elevation along the x-axis at time t=0 for the cases where the

NewWave is focused on each cylinder in turn.

The surface elevation on the upstream face of the focused cylinder for each case presented

in Figure 11 is: (@) 15.5m; (b) 16.4m; (c) 17.2m. These values are comparable to the
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surface elevation on the upstream face of a single isolated cylinder (16.8m). The plots
shown in Figure 11 are largely consistent with the force values given in Table 2. Note that
the initial force on the second cylinder, when a NewWave is focused on the first, is
positive even though the wave elevation on the downstream face of the second cylinder
appears slightly greater than that on its upstream face. This is again because the elevation
incorporates all Fourier harmonics whereas the force only depends on the terms n=+1.

An interesting extension to this work would be to investigate an array where the cylinders
are closer together (i.e. a/d=1/2). The radius and spacing values studied here (a=15m,
2d=120m) are of more practical significance and hence the reason for including this test

case.

7. Conclusions

The interaction theory of Linton and Evans (1990) has been applied to linear arrays of
cylinders, and extended to cover incident NewWaves. The proposed diffraction problem
has been implemented computationally using MATLAB. A convergence test was
undertaken in order to investigate the sensitivity of calculations to the number of terms in
the Fourier expansion of the velocity potential. A range of results has been presented, with

particular emphasis on force and free surface magnification effects.

For incident regular waves at critical wavenumbers, the large magnifications in force and
free surface elevation that result could have serious practical implications for very large
column-supported floating structures. However, the bandwidth of these magnification
effects is quite narrow, especially for large arrays, and so it would seem as though the
integrated effects in a continuous spectrum would not be severe. The analysis undertaken

in this study for NewWave loading confirms this.

Extensive further analysis would ultimately allow design guidelines to be established.
Maximum loading patterns and free surface elevations could be computed for a given sea-
state and extreme crest amplitude. Such data could be used to: propose suitable

geometrical ratios (i.e. a/d) for a supporting column structure, recommend clearance
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heights needed to avoid hydrodynamic loading of the lower deck of a structure, and

provide extreme force data that could be used in subsequent structural analysis.
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Figure 8. Force time history for a single isolated cylinder with a NewWave focused on its
upstream face at time t=0.



