


[5], for example, used such a method at second-order for wave diffraction problems in the frequency domain.
This approach is only suitable for weakly nonlinear waves, as it becomes much more complex at higher
order. For regular waves, however, Malenica and Molin [6] solved the diffraction problem at third order for a
vertical cylinder, and a numerical solution for axisymmetric bodies was developed by Teng and Kato [7].
These perturbation expansion methods have also been applied in time-domain calculations, for example by
Isaacson and Cheung [8], and Kim et al. [9], to investigate second-order wave diffraction. An advantage of
such an approach compared with fully nonlinear time domain simulations is that the coefficient matrix of the
linear equation system is the same at each time step.

The other widely used approach is the fully nonlinear time-domain method, introduced for waves in the
absence of diffracting bodies by Longuet-Higgins and Cokelet [10]. They used a Mixed Eulerian-
Lagrangian (MEL) time stepping technique. By this method, the fully nonlinear boundary conditions can be
satisfied on the instantaneous free water and body surfaces. The unknowns are distributed on the boundary of
the whole computational domain, and a new linear equation system must be generated and solved at each
time step, since the free surface (and the body surface if it is not fixed) move to new positions. Recent
applications of this approach to simulate nonlinear wave diffraction include Ma et al. [11], Turnbull et al.
[12], and Wu and Hu [13], who developed numerical wave tanks based on the finite element model. The
alternative boundary element method was used by Contento [14], and Koo and Kim [15], for simulations in a
two-dimensional wave tank and by Ferrant et al. [16] for three-dimensional simulations of the diffraction
problem. In addition, Grilli et al. [17] and Xue et al. [18] used the higher-order boundary element method to
investigate three-dimensional overturning waves in a numerical wave tank.

In this paper, we focus on the fully nonlinear wave radiation problem produced by a forced oscillating
cylinder. The emphasis of much previous research on wave radiation problems has been on solving them in
the frequency-domain. In the time domain, Isaacson and Ng [19] investigated the second-order radiation
problem for the forced motions of a truncated cylinder. Lee et al. [20], and Wu and Eatock Taylor [21],
calculated the fully nonlinear wave radiation due to oscillations of a submerged sphere and a submerged
circular cylinder respectively. Maiti and Sen [22] have obtained the two-dimensional results for vertical
structures undergoing forced motions, and Hu et al. [23] calculated the radiated wave field around translating
three-dimensional structures using the finite element method.

The aim of this paper is to describe a robust numerical model of submerged or surface-piercing
three-dimensional bodies undergoing forced motions, such as surge, heave, pitch and their combination. The
overall approach is as follows. Firstly, two coordinate systems are defined to describe the position of moving
bodies, and the Mixed Eulerian-Lagrangian (MEL) technique is used to track the motion of a body which
may have horizontal displacement. The higher-order boundary element method is adopted, which means that
compared with other volume-discretised numerical methods such as the finite element method, remeshing is
much easier, for example if the body motion has rotational components. Another advantage of using the
higher-order boundary element method is that the calculation of the velocities of grid points, and the

determination of the intersections of free water and solid surfaces, are more convenient. Against this, for



cases where a long tank must be simulated, the storage requirement of a boundary element model may well
exceed that of an equivalent finite element model, as discussed by Wu and Eatock Taylor [21]. This
disadvantage, however, may be overcome by the use of domain decomposition, as described by Bai and
Eatock Taylor [24]. On the free water surface, unstructured triangular meshes are used, which have been
found to be very suitable for complex geometries. In the case of strongly nonlinear waves, mesh regridding
and interpolation techniques are employed on the free surface to mitigate numerical instability.

For the calculation of hydrodynamic forces, some auxiliary functions are introduced, which lead to
additional boundary value problems. The benefit of this technique is that it avoids the simple backwards time
differencing schemes, which can lead to unexpected inaccuracy and instability.

The method described here may also easily be applied to the case of sloshing waves in a tank containing a
fixed body. The case of an asymmetric initial disturbance to the free surface in a circular tank containing a
vertical cylinder at its center is a useful example, since results can be compared with those available from the
high precision spectral element method of Chern et al [25]. Numerical results are also given here for a
cylinder undergoing surge, heave, pitch and combined heave and pitch motions. We are not aware of results
for such combined motions having been previously published. Here we provide a relatively comprehensive
investigation of the corresponding hydrodynamic forces, wave run-up and the wave profiles, and where

relevant some comparisons are given and discussed.

2. Mathematical formulation

To demonstrate the three-dimensional wave radiation problem excited by a forced moving body, two
right-handed Cartesian coordinate systems are defined as shown in Fig. 1. One is a space-fixed coordinate
system Oxyz having the origin O on the mean water surface and z-axis pointing vertically upwards. The other
is a body-fixed coordinate system O'x'y'z" with its origin O' placed at the centre of mass of the body. When
the body is at its equilibrium position, these two sets of coordinate systems are parallel and the centre of
mass is located at Xy=(Xg, Yg, Zg) in the space-fixed coordinate system.

The fluid is assumed to be incompressible and inviscid, and the motion irrotational. The wave radiation
problem can be formulated in terms of a velocity potential £, y, z, t), which satisfies Laplace’s equation
within the fluid domain W,

2pog. (1)
and is also subject to various boundary conditions on all surfaces S of the fluid domain.

On the instantaneous free water surface Sg, the kinematic and dynamic conditions in the Lagrangian

description can be written as

DX

ot f, (2)
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where D/Dt is the usual material derivative, X denotes the position of points on the free surface, and g is the



acceleration due to gravity. The kinematic condition on the instantaneous wetted body surface Sg is
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where n is the normal unit vector pointing out of the fluid domain in the space-fixed coordinate system, and
V, the normal velocity component of the body surface. If small angular motions are assumed, the motions of

a three-dimensional rigid body about its centre of mass can be described in terms of six components,

Vo= - -(x-x,) n, (5)
where X=(x,, X, X;) is a translatory vector denoting the displacements of surge, sway and heave, while a=(a,
ay, &) is a rotational vector indicating the angles of roll, pitch and yaw respectively about Oxyz measured in
the anti-clockwise direction. If a fixed body is considered, the boundary condition on the body surface is
reduced to the same form as that on the side wall Sy and the horizontal seabed Sp, namely the
impermeability condition,

f
’%—n=o ®)

Since the problem is solved in the time domain, an initial condition must be imposed as well. In this paper,
the body starts from rest in calm water, so that the velocity potential and wave elevation can be set to

£=02=0 t£0. @)
In addition, a proper far field condition should be defined to avoid the unwanted wave reflection from the

downstream end of the domain; this will be discussed in detail later.

Fig. 1. The sketch of definition.

3. Higher-order boundary element simulation

The boundary element method is widely used to solve the mixed boundary value problem in the numerical

simulation of nonlinear waves, because it can reduce the dimension of the problems to be solved by one. If a

Rankine source is adopted as the Green's function G, a boundary integral equation for the potential 7 over



the whole boundary S can be derived, expressing the original potential flow problem through Green’s second

identity:

G(x,
o= G(x,xo)“gﬁx)—f(x)“ ‘;nXO’ s ©

Here C(xo) is the solid angle at the field point x,, and n is measured from the source point x. For cases in
which the body and the simulated flow are symmetric about the x-z plane, and the seabed is horizontal, the
simple Rankine source and its image with respect to the symmetry plane (y = 0) and the seabed (z = -d) can
be chosen as the Green's function. Thus, the integral only needs to be evaluated over the half of the
computational boundaries, and the seabed is excluded. Under these conditions, the Green’s function can be

written as

G(x,xo)z—p ——+—+— 9)

Ry :\/(X -0 )+ (y-vo )2 +(z-20)
R; =\/(X =%+ (y+yo ) +(z-20)
Rs =\/(X'Xo)2 +(y-yo) +(z+25 +2d)° |
R4 =\/(X‘ Xo)? +(y+yo) +(z+2, +2d)

It is well known that the higher-order boundary element method is more efficient and accurate than the

(10)

constant panel method. In this numerical method, the surface over which the integral is performed is
discretised by quadratic isoparametric elements. Eight and six nodes are placed on curved quadrilateral and
triangular elements respectively. After introducing shape functions N;(x; /) in each surface element, one can
write the position coordinate, the velocity potential and its derivatives within an element in terms of nodal

values, in the following forms:

K K
x(x,h)z Nj()(,h)xj ; f(X,h)= Nj()(,h)fj ; (11)
=1 j=1
K qN:(x,~ K qIN:(x.~
‘ﬂf(x,h)= J( )fj ; ﬂf(x,h): J( )fj ’ (12)
ix o Ix g i1 g

where K is the number of nodes in the element, x; and 7 are the nodal positions and potentials, and (x;, /) are
local intrinsic coordinates. By substituting these representations into Eq. (8), a boundary integral equation in
discretised form can be rewritten as

N M K ﬂf
C(xo)Fixo) = G (X Xo) N,—(x,h)% -
n=1 m=1 I j
, (13)

K
60w X0l = (), ol (1)
fin <
j=1

where M is the number of sampling points used in the standard Gauss-Legendre method to evaluate

numerically the integration over each element, wy, is the integral weight at the mth sampling point, J,(x, A) is



the Jacobian transformation from the global to the local intrinsic coordinates, and N is the number of
elements. At this stage, X is an arbitrary point on the free surface and other discretised boundaries. It is now
specified to be one of the element nodes. When the field point is located at a node within a particular element,
the associated singularity is evaluated by using the triangular polar-coordinate transformation technique
described by Eatock Taylor and Chau [26]. At a given time step, either the potential or its normal derivative
on each part of the boundary is known from the corresponding boundary conditions: the remaining
unknowns can then be calculated by solving the above discretised equation.

We notice that the solid angle C(xo) in Eq. (13) still needs to be determined, and it is difficult to compute
directly for the complex evolving three-dimensional computational domain. However, the treatment of the
solid angle can be simplified by using the physical argument that a uniform potential applied over a closed
domain produces no flux. This is equivalent to considering a homogeneous Dirichlet problem, in which a
uniform field, ~= constant ,, 0, is specified over the whole integral boundary S (Wu and Eatock Taylor [27]).
The boundary integral equation, Eqg. (8), in such a case leads to

C(xg)=- s —ﬂG(;r,]xo) ds.

This convenient formula expresses the solid angle as an integration of the derivative of the Green’s function,

(14)

which can be obtained directly from the influence coefficients without additional work.

Finally, the resulting discretised equation can be expressed in the matrix form:

ALY A1) @ B®

ACD A @ T g@® (15)
where
XD =6, R x@= 17 Ar - 1 16
o ) Ly (16)
N, M
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n=1l m=1
Np M
A = A = [k XN (A 3 ()] (18)
n=1 m=1
N, M
BY = G(xm,xi)ﬂ’:(;:]m)wmpm(x,h] -
o (19)
T80 e o] 5 B = -l )+ 5
n=1 m=1

Here, N, and N, are the numbers of elements on the Neumann and Dirichlet boundaries respectively. After
assembling the equations for each node on the whole integral surface, a set of linear algebraic equation
system is obtained, which can be solved to get the solution of the mixed boundary value problem described

from Eqg. (1) to Eq. (6) at a certain time step.

4. Hydrodynamic forces



Once the potential has been found by solving the mixed boundary value problem at each time step, the

pressure on the body is expressible using the Bernoulli equation,

p=—rﬁ+% f f+gz , (20)
where ris the density of the fluid. The hydrodynamic forces F = {fy, f,, f3} and moments M = {f4, fs, fs} can
consequently be obtained by integrating the pressure over the wetted body surface,

fi= pmds (=L 6), (1)

Se
where n; are the six components of the normal unit vector n defined in Eq. (4). The velocity components £

on the body surface in Eq. (20) may be obtained numerically. More difficult, however, is the evaluation of
the time derivative, 7. Estimating this quantity by a simple backward difference scheme is inaccurate and
prone to instabilities, particularly in the more general case when the body is free to move.

An effective method of calculating the hydrodynamic force is to solve a separate boundary value problem,
as used by Wu and Eatock Taylor [28]. In this approach, some auxiliary functions y; (i = 1,...,6) are
introduced, in place of computing # directly. These functions satisfy the Laplace equation in the fluid
domain, and the following conditions on the corresponding boundary surfaces. On the free water surface we
specify

i =0; (22)

the condition on the body surface is taken as

5%
LA 23
el (23)
and on other boundary surfaces, we use the Neumann condition

Wi_g (24)
fn
In order to obtain the hydrodynamic force through the auxiliary functions, a relationship between )/ and #

needs to be developed, based on Green’s identity,

fi——-YVi— =0. (25)

Using the boundary conditions for )4 and #, in conjunction with Stokes theorem applied on the body
surfaces, the above equation can be simplified and finally gives the following expression for the

hydrodynamic force (the details are given by Wu and Eatock Taylor, 2003)

fi=-r gz+% r fﬂﬂids—r Vi .—.-(X—Xg) nds
n

Ul bl o= e, e

-yi( - ) njds

The key to obtaining the hydrodynamic force is therefore to solve for y4. It can be seen that this second

mixed boundary value problem for )4 has the same conditions (Neumann or Dirichlet) on the same boundary



surface as the first mixed boundary value problem for 7, which means these two different problems share the
same influence coefficient matrix. Therefore, it does not take much additional computer time to calculate the
hydrodynamic forces by using this auxiliary function method, compared with the backward difference
scheme in time. Moreover, this method can be applied easily in the calculation of the wave interaction with
freely moving structures without any additional difficulties, as has been shown in Wu and Eatock Taylor
[28].

5. Numerical implementation

In the application of the numerical method to simulate nonlinear water waves, a number of aspects related
to the detailed performance have to be considered, which have a direct bearing on success or failure of the

calculation. These are discussed next.
5.1 Mesh generation

In the present method, we discretise the boundary integral equations using quadratic boundary elements,
based on Egs. (15) - (19). Here we consider how the element mesh is established. First, we note that in
general the whole domain boundary is not a smooth, continuous surface: there are many corners and edges,
for example between the free surface and body surface. In order to deal with this, the discretised surface is
divided into many simple, continuous patches, and the mesh generation is performed on each of them.

As a higher-order boundary element method is used, the field point X, can be located at the corners or
edges of the boundary surfaces and this will result in a singularity where the normal vectors at these points
are undefined. To deal with this, a double or triple node is employed at the edges or corners. One can place
two or three different nodes at one spatial position to represent the different normal vectors.

There are two main types of patches in the computational domain. One type is the patch on vertical
surfaces including the side wall and the body surface, which is easy to generate with structured quadrilateral
meshes. The corner nodes are distributed exponentially in the z direction with a view to approaching the
vertical decay of the potential. Thus the coordinates are taken as
1-explolz,; + DM, +1-i)/m, |

1-explgler, + D)
where z; is the coordinate of the point where the wave intersects the vertical surface, M, is the number of

Zijj = 4 - (Zl,j * D) (i=1 ™, +1), (27)

elements in the z direction, and D is the water depth or the draft of the body. The choice of parameter in the
equation depends on how fine the mesh is required to be near the free surface. Subsequently, the position of
the middle nodes in each element is determined by averaging that of the two adjoining corner nodes.
Another type of patch involves the free surface, and the bottom of the body if it is truncated. For these
surfaces, unstructured triangular meshes are adopted, which are particularly suited to discretising complex

domain boundaries. To generate triangular meshes, the Delaunay triangulation method (Subramanian et al.



[29]) is applied in the present work.

The generation of initial triangles is the first step in the Delaunay triangulation method, i.e. a series of
points on the known computational boundaries are considered as vertices of Delaunay triangles. Based on
this set of coarse Delaunay triangles, points can then be inserted in the domain to form finer triangles. In
order to generate meshes automatically and blend the grid density smoothly from the boundaries to the
interior domain, the circumcircle radius is used as a measure of the obtuseness of the element (which ideally
should be as close as possible to equilateral). This variable is made dimensionless by a local length scale,
which reflects the grid density on the boundaries influencing the local mesh. The automatic procedure can
then be developed by specifying that a new node is placed at the centre of the triangle having maximum
circumcircle radius. Finally, the Laplace smoothing method is used to smooth the meshes, such that their
shape approaches regular triangles as much as possible. Fig. 2 shows meshes generated by this method for a

truncated cylinder.

Fig. 2. An example mesh generated on the body and free water surfaces for illustration of the mesh generation.

5.2 Artificial damping layer

In order to avoid the reflection of scattered waves from the far-field computational boundaries and to
simulate a sufficiently long duration in a reasonably sized domain, it is necessary to impose a suitable
radiation condition on the outer boundaries. Many forms of far field condition have been developed by other
investigators. Here an artificial damping layer on the free surface is adopted to absorb the scattered wave
energy on the outer annulus of a circular cylindrical domain. In this numerical beach, the kinematic and

dynamic boundary conditions are modified by a damping term over a finite length of the free surface

(Ferrant [30]),
% = F-nn(X-X,), (28)
%{:—gz+% f f-n(nf, (29)

where r is the distance from the body, 7(r) is the damping coefficient, and X¢=(Xe, Ye, 0) is a reference value
specifying the at-rest position of the fluid particle. In practice, the damping coefficient is chosen to be

continuous and continuously differentiable, and is “tuned” to a characteristic excitation frequency w of wave



motion. Here we have used:
2
aw rl;lro rir=ry- bl
n(r) = - (30)
0 r<ry

In this definition, 7 is a representative wavelength corresponding to the excitation, rp is the radius of the
outer circular computational domain, and the two non-dimensional parameters a and & are used to control
the strength of damping layer and the length of beach respectively. These are both chosen to be 1.0 for the

results given here.
5.3 Time stepping integration

After solving the boundary value problem defined above, the free surface geometry and potential are
updated for the calculation at the next time step, by integrating the fully nonlinear free surface boundary
conditions in time, in an iterative manner. Here, the standard 4th-order Runge-Kutta scheme (RK4) is used,
providing good stability characteristics within a convenient computational scheme.

Before the time stepping integration of the free surface boundary conditions, one first needs to compute
the particle velocities. From the solutions of the mixed boundary value problem or the corresponding
boundary conditions, the potential and its normal derivative on boundaries of the whole fluid domain are all
known. Based on the higher-order boundary element method adopted here, the particle velocities both on the

free water surface and body surface can be easily determined by use of the following formula:

LLAN TS A I 1
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It should be noted that there is always more than one element surrounding a node. The final velocity at
each node is thus obtained by averaging the values from Eq. (31) performed within every element adjacent to
this node. Where the surface is discontinuous, it is divided into smooth and continuous patches, and the
multiple node method is used on the interfaces between these patches. The same averaging procedure stated
above can then be adopted to predict the velocity and the normal vector at the multiple nodes, but in this
situation only the surrounding elements located on the same patch as the node should be considered in the
averaging. In this way, the flow in the domain at the advanced time t+2t can be solved, and the time domain
calculation can proceed.

During the initial time steps, an abrupt initial condition should be avoided, and a cosine ramp function F,

is used to modulate the body surface condition. Fp, is taken as

10



1 1-cos ~ t<T,
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Fn = : (32)
1 t3T,

where Ty, is a ramp time, here chosen as two times the excitation period T.
5.4 Algebraic equation solver

The solution of the full and asymmetric influence matrix arising from the mixed boundary value problem
at each time step is a significant part of the calculation. The efficient generalized minimum residual
(GMRES) iterative scheme with a diagonal preconditioner is used in the present work, which was first
proposed by Saad and Schultz [31], and applied in the ocean engineering field by Zhao and Graham [32]. We
have found this solver to be very effective.

At the same time, when assembling the influence matrix, one should notice that on the intersection of the
free surface and the solid surfaces, the potential on the free surface is known from the free surface boundary
condition, and therefore the potential of the double or triple nodes on the solid surfaces is also known
according to the continuity of potential. Therefore, there are no unknown variables on the double or triple
nodes belonging to the solid surfaces, and the corresponding terms can be moved to the right-hand side of
the equation. Here for the node designated k, Eg. (15) can be changed to

By =1 Bil ik = Bi -~ ATy ' 33)
Ack =1 Ak,j|k,,j = Axlik =0

5.5 Mesh regridding

The integration of free surface boundary conditions in time will update the wave profile and the
intersection lines of the free surface and solid boundaries, which means the meshes on these boundaries have
to be adjusted accordingly. In addition, for the problem investigated here concerning waves produced by a
forced oscillating body, the body motion may require re-calculation of the positions of nodes on the body.

On the vertical side walls, the mesh regridding is simple, similar to that at the initial time step discussed
above, because zyj in Eq. (27) is the only variable changing its value during the free surface update. In order
to illustrate the mesh regridding on the body surface, we can consider its motion to involve only three
components, surge, heave and pitch, defined as ( 1, 3, 5). In such a case, the y coordinate need not be
considered in the mesh regeneration. We recall that two coordinate systems have been defined, and so we
need to transform the positions of nodes from the moving body-fixed coordinates to the space-fixed

coordinates. In matrix form the transformation can be written as

X Xg + € coscs; -sincg xt
= o . (34)
z 7y +C3 sincy; coscy z¢
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Under most conditions without regridding, the numerically computed wave profile will, after a sufficiently
long time, develop a saw-tooth appearance. Remeshing on the free surface, as implemented here, can remove
this numerical instability. This approach avoids the arbitrariness of having to choose an explicit smoothing
formula. To realize the mesh regeneration on the free surface, the following interpolation technique is used
to predict the vertical coordinate of the new node based on its given horizontal coordinates. For
boundary-fixed problems, the horizontal coordinate is computed at the initial time step, and then can be used
at the following time steps. However, for many moving boundary problems, such as the moving body cases
investigated here, we need to move the nodes horizontally prior to the vertical interpolation, in order to
maintain a uniform distribution of nodes and good aspect ratios for the elements.

This process is achieved by first discretizing the boundary line of the free surface projected onto the
horizontal plane. For the part of this boundary line lying on the side walls, the discretization is direct because
the horizontal coordinate is independent on the vertical coordinate. On the body surface, however, the
horizontal and vertical coordinates are coupled, as seen in Eq. (34). Consequently, an iterative program is
developed based on the new position of nodes obtained from the time stepping integration, in order to ensure
that the new node is located on the boundary line and the body surface. Once the new nodes on the boundary
line of the free surface are known, the Laplacian smoothing technique is used to obtain the other new nodes
on the free surface, i.e.:

1 P
(X, ¥); 5 X9, (35)

j=1
where P is the total number of nodes located around the node i.

5.6 Interpolation

Based on the horizontal coordinates of new nodes on the free water surface obtained by the mesh
regeneration, interpolation can be employed to calculate the vertical position as well as the potential. In the
interpolation, one must first find which old free surface element each new node belongs to, because when the
fluid domain is remeshed, the new node cannot automatically be attached to a particular old element. To find
the corresponding old element, the following criterion is used:

© k

Ssub = Sele ) (36)
k=1
where Sg, is the area of a triangular sub-element consisting of two vertices of the old element and the

considered new node, S is the area of the old element, and Q is the number of triangular sub-elements
surrounding the node. If the equation is satisfied, the node must lie inside this element. The following
numerical integration is used to calculate the area of a triangular element:
M
S= Wy|dnbh). (37)

m=1
Finally the local intrinsic coordinates (x, /) can be determined based on the areas of sub-elements and the
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old element, and the vertical coordinate and potential at the new node can subsequently be obtained by using

the shape function within this old element.
5.7 Intersection line

The intersections between the free water surface and the solid boundaries, such as the side walls and fixed
or floating bodies, define sharp edges and corners on the domain boundary. At each time step, the time
integration of the free surface boundary conditions gives the new positions of nodes on the free surface. Also,
due to the higher-order boundary element method used here, the intersections with the free surface can be
calculated directly because the nodes are defined at the edges of each quadratic triangular element, unlike in
the constant panel method where extrapolation is needed to determine the position of intersections.

There remains the possibility that the nodes on the intersection obtained by updating the free surface
boundary conditions can separate from the body surface, due to numerical errors even though the separation
is always very small. In order to fix the intersection, therefore, we simply force the double or triple nodes on
the free surface back onto the body surface along its normal. By doing this, the intersections remain on the

body surface exactly.
6. Numerical results

In this section, five different examples are investigated to validate the present numerical model. The water
depth d, gravitational acceleration g and fluid density r are taken to be unity in all cases discussed below,
yielding results and time in non-dimensional form. Other lengths are non-dimensionalised by the water
depth.

6.1 Interaction of an impulse wave with a bottom-mounted circular cylinder

The first example concerns an asymmetric initial wave in a circular cylindrical tank with a
surface-piercing cylinder at its centre. This can test the ability of the present numerical model to simulate the
nonlinear wave patterns around the inner cylinder, and the calculation of the resulting horizontal wave force.
In this case, the combination of incident, reflected and diffracted waves leads to rather complex free surface
behavior. Chern et al. [25] have also studied this case, using a pseudo-spectral matrix element method
(PSME) to discretize the fully nonlinear free surface problem. The formula for the initial wave profile is
defined as:

2
r+r, 2

> Y (38)

where r and rp are the radius of the inner cylinder and the outer cylindrical wall, taken here as 1 and 10

z(t=0)=aexp - x-

respectively, and a is the amplitude of the initial wave profile, equal to 0.1. The peak of the impulse wave is
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located half way along the radial line between the walls of the inner and outer cylinders. In this case, mesh
regeneration and interpolation on the free surface are not needed.

We first examine the convergence of the computation with three different meshes, chosen as shown in
Table 1. The value of defining the mesh stretching in Eq. (27) is here taken as 1.0, and the time step is 0.1
unless otherwise specified. Figures 3(a) and 3(b) show the time history of wave elevation at the front of the
cylinder, and the horizontal force on the cylinder with these three meshes respectively. It can be seen that the
computation converges fast, and the results obtained with mesh b are very close to those obtained with mesh
c. The wave force is seen to converge even faster than the wave elevation, most probably because the

calculation of wave force is an integral over the wetted body surface.

Table 1. Numbers of elements and nodes for different meshes.

Elements on body surface Elements on side wall Elements on Nodes in

(circumferential - vertical) | (circumferential -vertical) | water surface | whole domain
Mesh a 16-6 48-6 664 2672
Mesh b 24-6 72-6 1096 4208
Mesh ¢ 32-6 96-6 1528 5744

The convergence of these numerical results with different time steps and the comparison with the results
of Chern et al. [25] is shown in Figure 4. From this figure, we cannot distinguish the difference between the
results obtained at t=0.1 and t=0.05 with mesh c, and the present results agree well with those in Chern et
al. [25]. Figure 5 compares free surface contours from these two numerical methods at two time instants, t =
15 and 30 respectively with mesh c. We can see that the agreement is basically satisfactory. However, in
front of the inner cylinder some small differences can be noted when the free surface elevation is small,
because the asymmetric unstructured meshes on the free surface we used are much coarser than the

discretization in Chern et al. [25].
6.2 Wave radiation by a vertical circular cylinder with heave motion

In this and the following sections, nonlinear wave radiation by a truncated vertical circular cylinder
undergoing various forced sinusoidal motions in otherwise still water is studied. In order to simulate the
deep-water situation, the radius of the cylinder r is given by r/d=0.2, and the draft of the truncated cylinder
by B/d =0.5. The cylinder oscillates in a circular cylindrical tank having a radius given by rp/d 1.3 , which
is sufficiently large as we only focus here on the wave run-up and hydrodynamic force on the moving
cylinder. Due to the symmetry of the computational domain, only half of it is considered in the computation.
The cylinder starts oscillating from its rest position, and the displacement and velocity of its motions about
the centre of mass located on the still water surface are respectively given as

C; = -a; cosmt (i=1 .6); (39)

X, = a;wsin ut (i=1 .6), (40)
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where w is the oscillation frequency, and a; defines the amplitudes of body motions. There are 6 boundary
elements in the vertical direction on the body surface and on the side wall, and the numbers of elements
around the half of the cylinder and side wall are 12 and 24 respectively. Including 57 elements on the bottom
of the cylinder and 660 elements on the water surface, there are about 2260 nodes distributed on the whole
computational boundary. It should be noted that the vertical hydrodynamic force presented in the paper is the

total force obtained from Eq. (26) minus the mean hydrostatic force.
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Fig. 3. Convergence of the time history of wave elevation at front of cylinder and horizontal force on cylinder with different

meshes: (a) wave elevation; (b) horizontal force.
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Fig. 4. Comparison and convergence of the time history of wave elevation at front of cylinder and horizontal force on cylinder

with different time steps: (a) wave elevation; (b) horizontal force.

The vertical oscillating cylinder is considered in this section. Results have been obtained without the need
for interpolation. First, the efficiency of the artificial damping layer in absorbing the reflected wave is
investigated. The comparison of the time history of wave run-up on the cylinder with that obtained in a
bigger computational domain (rp/d =10), with oscillation amplitude a;=0.01, is shown in Fig. 6, for =1.257.
We can see that the results are in good agreement, which indicates that there are no obvious waves reflected
from the far end of the computational domain. Fig. 7 shows the wave elevation profile in the radial direction
for the same cases at two time instants expressed in terms of the period of oscillation, T. This figure confirms
further that the artificial damping layer works well. It also can be seen how the radiated wave decays away

from the cylinder.
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Fig. 5. Free surface contours around cylinder at centre of circular tank: (a) PSME t=15; (b) BE t=15; (c) PSME t=30; (d) BE
t=30.
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Fig. 6. Time history of wave run-up on the cylinder undergoing forced heave oscillation with a;=0.01.

Fig. 8 shows the time history of wave run-up and hydrodynamic force on the cylinder under different
oscillating amplitudes as. It can be seen from this figure that the numerical results are very stable during the
whole simulated period, and the ramp function provides a smooth transition from the initial condition to the
fully developed steady state. In these cases, we do not observe a strong nonlinearity with increase in the
oscillating amplitude of the cylinder; except that there are some slight fluctuations in the wave run-up when
the amplitude becomes larger. The phase shift between the wave run-up and the hydrodynamic force is clear

from these figures.
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Fig. 7. Wave elevation in radial direction for the cylinder undergoing forced heave oscillation with a;=0.01: (a) t=7.2T; (b)
t=7.5T.
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Fig. 8. Time history of wave run-up and hydrodynamic force on the cylinder undergoing forced heave oscillation with w=1.257:

(@) run-up; (b) force.

In order to investigate the influence of excitation frequency on the results, we calculated the wave run-up
and hydrodynamic force on the cylinder having motion amplitude a;=0.02 at four different frequencies: the

results can be observed in Fig. 9. We can see that the phases of hydrodynamic force are unchanged among
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the different frequencies, and they are the same as that of the body motion since this is the main reason for
the resulting force. However, the phases of wave run-up are different for each frequency; they tend to
synchronise with that of the body motion for the case radiating the shortest waves. Fig. 10 shows the
amplitudes of steady state wave run-up and hydrodynamic force (defined as half the difference between the
crest and trough values over a cycle), versus wave number kr. The force is compared with results obtained
from the frequency domain analytical solution of the radiation problem given by Yeung [33]. (The total
linear vertical force includes the hydrostatic term alongside components from the added mass and damping
effects.) As results are not given by Yeung [33] for the wave run-up, we compare the latter with run-up
amplitudes obtained by means of a linear time-domain simulation (Teng et al. [34]). It can be seen clearly
that the wave run-up increases but the hydrodynamic force reduces approximately linearly with increase in
the excitation frequency. At low frequencies the linear vertical force can be seen to tend to the value p,
corresponding to the hydrostatic force. The comparison indicates that the fully nonlinear results are generally
close to the linear results in this case of relatively small excitation amplitude. The exception is the run-up at
the highest value of wave number leading to the steepest radiated wave. Lastly, the wave profiles around the
cylinder are shown in Fig. 11 for the case a;=0.02, n=1.257 at two time instants, illustrating the spatial

characteristics of the wave system radiated by the cylinder, and the effect of the damping layer.
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Fig. 9. Time history of wave run-up and hydrodynamic force on the cylinder undergoing forced heave oscillation with different

excitation frequencies at a;=0.02: (a) run-up; (b) force.

6.3 Wave radiation by a vertical circular cylinder with surge motion

Having considered heave, we now simulate forced surge motion. Figs. 12 and 13 show the time histories
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