


requires information about its amplitude frequency spectrum. Extensive obser-
vation programs performed since the middle of the last century provide a wide
range of amplitude spectra for various sea states, e.g. the Pierson-Moskowitz
spectrum for a fully developed sea (Pierson & Moskowitz, 1964), or the JON-
SWAP spectrum proposed after analysing data of surface elevation with time
collected in the southern North Sea (Hasselmann et al., 1973).

Nevertheless, the information obtained from the measurements at a single
point in space is not sufficient to describe random wave behaviour, because
sea states having the same point spectrum can exhibit different directional
properties. The directional nature of the real sea can be characterised by a
directional wave spectrum which is a joint distribution of frequency and direc-
tion. It is usually represented as a product of the point amplitude spectrum
and a directional spreading function. Examples of the directional spreading
functions obtained from real sea measurements can be found in works of Has-
selmann et al. (1980), and Ewans (1998).

When the crests of many independent waves coincide at some point an extreme
wave arises, which is of primary interest from the design point of view. It turns
out that for such extreme events the random wave motion can be described
by using a deterministic wave group, the shape of which is the suitably scaled
autocorrelation function of the underlying linear random process. Building on
the works of Lindgren (1970) and Boccotti (1983) the application of this idea,
known now as New Wave, to offshore engineering was proposed in the work
of Tromans et al. (1991), and later its reliability was confirmed by the direct
measurements of large waves (Jonathan & Taylor, 1997). Thus, the problem of
diffraction of a deterministic isolated directionally spread wave group can be
used to predict the interaction of extreme waves with real offshore structures.

In the present paper we solve the problem of the diffraction of a moderately
steep directionally spread incoming wave group, and investigate how quadratic
non-linearity affects such a solution. In section 2 we consider the general for-
mulation of the diffraction problem and discuss the second-order radiation
condition. Section 3 is devoted to the consideration of the linear direction-
ally spread wave group. We discuss the local and far-field behaviour of such
a wave and introduce the concept of the focus spot. After a discussion of
the numerical procedure in section 4, we present the results of the numerical
solution of the problem for various directional spectra in section 5. First we
solve a series of problems with gradually reduced spreading for a Gaussian
directional spectrum, and demonstrate the convergence of the results to the
unidirectional solution. Then we use Ewans’ frequency-dependent directional
spectrum (Ewans, 1998) as a more realistic model of spread waves in the
real sea. The results for different cylinder sizes are compared with the corre-
sponding unidirectional solutions. Finally we discuss the concept of a averaged
spreading parameter, and compare the results for the Ewans’ spectrum and a



Fig. 1. Flow structure and coordinate system.

Gaussian spectrum with the same averaged spreading angle.

2 Problem formulation

Let us consider the motion of a surface gravity wave in water of uniform depth
h around a bottom-seated cylinder of radius a. Let the intersection point
of the cylinder axis and the undisturbed water surface be the origin of the
rectangular Cartesian coordinate system (Z, ¢, 2) and cylindrical coordinates
(7,0, %) as shown in figure 1. A wave-group with surface elevation = = AZ;
and characteristic amplitude A is generated far upstream (r — oo; z < 0), and
advances toward the cylinder. Such flow is described by the Laplace equation
for the velocity potential ® in the domain occupied by fluid together with
no-flow boundary conditions on the bottom and the surface of the cylinder as
well as dynamic and kinematic boundary conditions on the free water surface
(e.g Mei, 1989). Let us introduce non-dimensional variables in the following
way
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where = is free surface elevation, g is gravitational acceleration, @ is a cylin-
der radius, A and @, are the incoming wave amplitude and characteristic
frequency respectively, and tilde is used to denote dimensional values. The



problem formulation then takes the form
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and includes a non-dimensional parameter ¢ = A /a, being the relative incom-
ing wave amplitude. To complete the formulation we should apply a proper
condition at infinity, which will be discussed later. In the present paper we
shall consider the two first approximations of the small perturbation theory
based on the limit ¢ — 0 and shall represent the solution in the form of the
asymptotic expansion
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where the real solution is written as a sum of two complex conjugate functions
and the asterisk denotes the complex conjugate. Substituting this into (1) and
taking the limit ¢ — 0, we obtain the following problems for the first and
second order velocity potential:
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The first-order problem is homogeneous
RHSW =0, SEW =0,

while the non-homogeneous terms in the second-order problem can be specified
as

RHS® = RHS(®M, M) + RHS(®M", o)), n
SE® = SE(®M, d1)) + SE(®M", M),



The quadratic operators RHS and SE refer here to the second order non-
homogeneous term and the quadratic part of the surface elevation respectively
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The first terms in (4) generate second-order components with frequencies
which are the sums of the frequencies of the various first order components,
and the second terms, including the complex conjugate term, correspond to
differences of first-order frequencies. We shall refer to the terms related to the
former and the latter as ”plus terms“ and "minus terms “ respectively.

To separate time explicitly let us apply the Fourier transform to the problem
(3). Denoting the Fourier transform by the corresponding lower case letter we
can write
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where rhs®™ =0; se® = 0; rhs@ = rhst + rhs™; se® = set + se=. We
use rhs® and se® notations for the convolution integrals over the frequency
space, which appear after applying the Fourier transform to the quadratic
operators of the plus and minus terms of the right hand side. Problems (5)
have the frequency w as a parameter and can be solved separately for every
frequency value. The corresponding first and second-order problems are the
same as those in the case of a monochromatic incoming wave, apart from the
form of the non-homogeneous terms in the second-order problem. The ampli-
tude of the solution for every specific value of w is specified by the spectrum
of the incoming wave. To recover the physical solution from the solution of
the problem (5) the inverse Fourier transform is used.

The solution of the first-order homogeneous problem (5) for each frequency
component of the incoming wave spectrum is well known (e.g. Mei, 1989)
and can be expressed analytically using Bessel functions. This solution can be
represented in the following form with the separated vertical variable

o = 2ty 2() = i,

where the surface potential v (z,y) represents the structure of the solution
in the horizontal plane for each frequency component, and k = k(w) is the



wavenumber satisfying the linear dispersion relation in nondimentional form
w? = k tanh(kh). Functions v satisfy the homogeneous Helmholtz equation

A+ k*)p =0 (6)

with zero normal derivative on the cylinder surface and the Sommerfeld radi-
ation condition at infinity for the diffracted component

TIL%W(%—ik¢) =0. (7)

To separate the vertical variable of the non-homogeneous second-order prob-
lem (5) we shall use the eigensolutions of the following eigenvalue problem

Z1(2) = N, Zon(2) = O
Z' (~h) = 0;  Z(0) — w? Zn(0) = 0.

This has the following set of eigenvalues and the corresponding orthogonal
eigensolutions
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Let us now multiply the second-order problem (5) by Z,,(2) and integrate the
result over depth from —A to 0. For the second derivative with respect to z in
the Laplacian we have
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where the free-surface boundary condition has been used. Now we can see that
functions

0
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satisfy the following set of boundary value problems in the (z,y) plane
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plus the appropriate condition at infinity. The complete second order solution
can then be written in the form of the Fourier series in the vertical direction
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Let us now consider the far-field behaviour of the solution. It can be shown that
the solution of the homogeneous Helmholtz equation in the far-field (k r — 00)
can be represented as a combination of two types of solution: (i) a planar
wave front with amplitude constant in the direction of wave propagation and
(ii) a circular wave front, whose wave amplitude varies inversely with the
square root of radius from the centre of the front. The planar wave front
corresponds to a unidirectional incoming wave. The diffracted wave far from
the diffracting object forms a cylindrical wave front with outward wave vectors.
In the next section it will be shown that each frequency component of a
directionally spread incoming wave can also be represented in the far field
as a circular wave front or, more precisely, a combination of two such wave
fronts: one with inward and one with outward wave vectors. The solution for
the linear wave is completely specified by definition of the wave components
with the inward wave vector ensuring that free propagation of the components
with outward wave vector takes place. The latter requirement leads to the
Sommerfeld radiation condition (7). Thus, the total far field of the first-order
solution to diffraction of a directionally spread wave group can be represented
as a superposition of the cylindrical wavefronts, with wave vectors pointing
both inward and outward.

The solutions of the second-order problems (8) consist of two terms: the free
wave and the locked wave. The locked wave is a particular solution of the non-
homogeneous problem, whose amplitude decays faster then 1//7 for large r.
The far-field behaviour of this wave is completely defined by the right hand side
and can be found applying the limit 7 — oo to equations (8), and assuming the
free coefficient in front of the term ~ 1/4/r to be zero. The far-field behaviour
of the right hand side can be found by applying the right hand side convolution
integrals to the far-field expansions of the first-order solution. The plus term
of the right hand side expansion for large r has the form

1 .
rhst = =T (Co(B) + O(r™1)) X w/2r a5 1 — o0,

and the corresponding asymptotic behaviour of the solution is
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The minus term of the right hand side and the corresponding solution both
decay exponentially for large r. The locked wave satisfies both the free surface



condition and the second-order radiation condition, but not the condition on
the body surface. To satisfy this condition the proper homogeneous solutions
should be added (the free wave). At infinity the free wave solutions decay
exponentially for m > 0 and satisfy the Sommerfeld radiation condition for
m = 0. Further details of the formulation of the boundary conditions will be
given in section 4.

To calculate the force acting on the cylinder we integrate the non-dimensional
pressure over its wetted area. The non-dimensional pressure P and force F
can be introduced as

P=jpgaP; F=pga’F,
and an asymptotic expansion of the force then takes the form
F=e(FO 4+ FOY L 2(F® 4 FOT 4 ...
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3 Incoming wave

The particular solution of the diffraction problem for a given geometry of a
diffracting body is completely specified by prescribing the form of the incom-
ing wave. For the small perturbation theory we consider here it is sufficient
to specify the first-order incoming wave, which in general can be described
as a superposition of monochromatic travelling waves of different frequencies
approaching the diffracting body from different directions. For a wave focused
at the centre r = 0 at the time t = 0 we can write

T +00o
1 .
=0(,0,t) = 5 [ da [ DS(a, Q)¢ KOs atagq ()

where a phase shift ¢, which is assumed the same for all frequency components,
can be used to change the phase of the wave within the same envelope. We



shall express the general frequency-direction spectrum DS(6,w) as the product
of the frequency amplitude spectrum S(w) and the directional distribution
D(0,w) having the property

fD(a,w) o = 1.

-

This means that the amplitude of each frequency component is defined by
S(w). We shall normalise the amplitude spectrum S such that at the focus
point (r = 0, t = 0) the amplitude of the non-dimensional surface elevation is
=) _

2|=}’| = 1. Then
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— 00
which corresponds to the choice of the focus amplitude as the characteristic
amplitude of the incoming wave A. A Gaussian directional spreading function

1 2 /82
D) = —=e ¥/ 10
0)=57 (10)
with various bandwidths ¢ can be used to model waves of various angular
spreading generated at minus infinity (6 = ) and propagating in the positive
z-direction. As § tends to zero, D(f) approaches a Dirac é-function, corre-
sponding to a unidirectional incoming wave.

After applying the Fourier transform to (9) we can write the Fourier compo-
nents of the surface potential of the incoming wave at frequency w as

bi(w) = A(w) / D(a, w) M) reos0-0) go, (11)

where the complex amplitude function is

Alw) = —%W@.

Using the stationary phase method it can be shown that, for large r, expression
(11) has the following asymptotic behaviour

\/’7_1' - m w1 Tik(w)r
Yr(w) = A(w) k(w)(lel)D(0_§i§)W€ @r as r— o0, (12)

where the upper sign should be taken when z > 0 and the lower one oth-
erwise. The far-field behaviour of the directionally focused wave can thus be
represented in terms of the geometrical optics approximation. Expression (12)



represents a circular wavefront with a wave vector directed toward the centre
for negative x and outward for positive x where it satisfies the Sommerfeld
radiation condition (7). The radial behaviour of the amplitude ~ 7~/2 reflects
conservation of energy propagating along the rays # = const. Now the expres-
sion for the Fourier component of the incoming wave (11) can be thought of
as a solution of the Helmholtz equation (6) in the whole (z,y)-plane, with an
asymptotic condition (12) for r — oo, x < 0, and a radiation condition (7) for
z > 0.

An essential characteristic of a directionally spread wave is the size of a focus
spot. In geometrical optics a focus spot is such a region where this approx-
imation fails, but this is the region of our main interest here. Hence in this
paper we restrict the use of the term ”focus spot” to the much smaller region,
where the local behaviour of a spread wave is close to the behaviour of a cer-
tain unidirectional wave. Let us consider the local behaviour of the individual
frequency component w of the incoming wave in the vicinity of the point of
directional focus 7 = 0. Expanding (11) into a Taylor series for 7 — 0 we can
write

Yr(w)/A(w) = ag +iay (kx) — ap (kx)* — % (kr)? (1 — ap) + O((kr)®). (13)

The coefficients a,, here are the corresponding coefficients of the cosine Fourier
series for the spreading function D(0)

™ m ™

ag = /D(a) da=1; a1 = /D(a) cos(a) da; ag = /D(a) cos(2a) da,

where we have taken into account the directional symmetry of the incoming
wave group. As we can see, to a first approximation the local behaviour of
a monochromatic directionally focused wave is similar to the behaviour of
an unidirectional wave with an effective wave number k., = a; k. The radial
behaviour of the spread wave, which distinguishes it from a unidirectional
one, has a smaller order of magnitude and manifests itself in the following
term of the expansion. For the narrow-banded Gaussian spreading function
(10), taking the limit of a small spreading angle § — 0 we have the following
transversal wave behaviour

Yr| > Aw) eV @R (14)

=0
The characteristic linear scale of amplitude change in the radial direction
can now be estimated as r ~ r; = 1/(k(w) d). Applying the narrow-banded
Gaussian spreading to the expansion (13) we can write
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as 7 — 0 and § — 0. For 6 = 0 this expansion becomes the corresponding
expansion for a unidirectional wave. It is clear now that the radial behaviour
of a directionally spread wave depends on how far the observer is from the
focus point compared to the size of the focus spot 7, that is on the value of
the relative radius r/ry.

We have therefore established that for the diffraction problem the ratio of
the focus radius r to the size of the diffracting body provides an important
similarity parameter. Two limiting cases are possible. When the body is deeply
inside the focus spot, the behaviour of the incoming wave near the surface of
the body is the same as that of a unidirectional wave, and the diffracted
field is similar to the corresponding solution for the unidirectional incoming
wave. For example, the directional distribution of the diffracted energy will
be rather insensitive to the particular form of the spreading function. On the
other hand, a surface of a body which is much larger than the focus spot lies
in the geometrical optics region. The incoming wave propagates toward the
body along the rays, which are reflected by the rigid surface of the body. In
this case there is a direct correspondence between the directional spectrum of
the incoming wave and the directional behaviour of the radiated field, which
depends on the rays’ geometry.

4 Numerical approach

The two-dimensional Helmholtz equations (8), obtained after separation of the
vertical variable for each vertical Fourier component, are here solved directly
using finite differences. One of the reasons for choosing this approach is that it
can be easily generalised for the case of a non-circular cylinder. Based on the
cylindrical far field structure of the incoming wave (12), as well as the similar
behaviour of the radiated field and the diffracting body geometry, cylindrical
coordinates are appropriate for this problem. The boundary value problem
for each function 1,,(r,8) was solved for every frequency component, with
automatic choice of the size of the computational domain and the number
of grid nodes in the radial direction for each frequency. Due to difficulties
arising in formulation of the boundary condition at the outer boundary of the
computational domain, it was found convenient to separate the incoming and
diffracted waves and solve the corresponding problems separately.

Let us now consider the details of the numerical procedure of obtaining solu-
tions for individual second-order output frequency components. We note that
the frequency sets where such solutions are calculated are different for plus
and minus terms. As a first step we calculate the convolution integrals of the
right hand sides at each node of the cylindrical computational grid, by using
the first-order analytical solutions. After this, equations (8) written in cylin-
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drical coordinates with proper boundary conditions are approximated by finite
differences on a mapped rectangular grid in the (7, #)-domain: r € [Fmin; Tmax),
0 € [0;7], where 7y, = 1 for the diffracted and 7, = 0 for the incoming
components. The grid is uniform for the plus component. For the minus term
there are two significantly different linear scales: the long scale corresponding
to the wavelength and the much shorter scale of the size of the body. This
justifies the use of a non-uniform grid in the radial direction. A symmetry
condition 0¢¥/00 = 0 is used on the central axis § = 7, # = 0. The result-
ing discrete linear algebraic equations are solved by a direct method using
LU-decomposition.

One must be careful about specifying the boundary conditions for equa-
tions (8), especially the outer boundary condition for the case m = 0. In
this case there is the possibility of numerically generated non-physical free
waves approaching the cylinder from outside of the computational domain.
There are two types of outer condition: the Sommerfeld radiation condition
for a free wave and a far-field asymptotic condition for the non-homogeneous
term of the solution corresponding to a locked wave. The former has the form
Y — VYpa(r,0) = C(0)e* /\/r for m = 0, and decays exponentially for m > 0.
The latter depends on the particular form of the far-field behaviour of the right
hand side. It can be shown that the plus term of the locked components at
large r behaves like
1 1 1 .
UF = Ua(r.6) = 75 (Ao(®) + S A1(6) + 5 As(6) + ) #HID (1)

as r — 00, where the coefficients can be expressed analytically through the
coefficients of the similar asymptotic expression of the right hand side. We
estimate the coefficients of the 3-term right hand side far-field asymptotics
from the actual right hand side using the least squares method. We can specify
the boundary conditions on the outer boundary of the computational domain
T = T'max for the plus diffracted component as follows

1%5 (Tmax, 0) = wl—i—a (Tmax, 0) + Vra(Tmax, 0);

S s ) = - (VT 6) + Yralrmass 6)) -

The second condition is used for m = 0 to calculate unknown a prior:i values
of a coefficient of the free wave asymptotics C'(f) at each node of the outer
boundary. For m > 0 there is no free radiated component, and we can take
C(6) = 0. The second-order incoming wave consists only of locked components
and the sum term has the same far-field behaviour as the radiated locked
wave (16) for x > 0 (outgoing wave). The incoming part (z < 0) has similar
behaviour, but the wave vector is in the opposite direction. The appropriate
outer boundary condition for the plus term of the incoming wave includes the
specification of the asymptotic behaviour for the upstream solution and free
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propagation of the outgoing wave downstream of the cylinder. According to
the first term of (16) this has the form

0
r3/2 (a—d) — 2k(w/2) z'z/z) —0 as r— oo.
r
At the centre of the grid » = 0 the value of the potential should be the same
for every mesh point. It is also essential to ensure the absence of a point wave
source in the centre of the cylindrical coordinate system, and this leads to an
additional condition at r =0
oy
—df = 0.
?{ or

For the minus term we do not know the exact form of far field behaviour for
the locked term, but we can use the fact that it has exponentially decaying
asymptotics similar to that of the precalculated minus term of the right hand
side. The decay rate for the low frequency solutions is very slow, and the
corresponding outer boundary conditions should be treated with care. We
assume the far field behaviour of the minus right hand side has a leading order
term of the form rhs™ — A(#) rPe®" as r — oo, where o and 8 are unknown
constants. Substituting this into (8), and considering the limit » — oo, we can
obtain the corresponding far-field behaviour of the locked minus component,
which in the first approximation is

AO) 5 ar rhs ™~

ar

TR ter ¢ T T ER a2 BT

vr =
The coefficient o can be estimated from the precalculated values of the right
hand side for large r: a & (0 rhs™ /Or)/rhs™. The rest of the boundary condi-
tions can be formulated in a similar manner to those for the plus term.

5 Results and discussion

We apply the method described in the previous sections to investigate the
influence of directional spreading on the wave pattern due to diffraction of
a wave group by a cylinder. In all the cases studied here the incoming wave
groups have the identical JONSWAP frequency spectrum (Hasselmann et al.,
1973) with peak period Ty = 12sec and linear focus amplitude A = 8.15m,
and propagate in water of uniform depth h = 50m. The components of these
groups are directionally and frequency sorted to come to a focus at the location
of the centre of the scattering cylinder according to equation (9). The ampli-
tude spectrum of each wave group is chosen to be proportional to the power
spectrum of a JONSWAP sea-state, consistent with the most probable shape
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Fig. 2. First-order surface elevation at focus time in the transversal direction and
around the cylinder for various bandwidths of Gaussian spreading function. The thin
lines represent the corresponding incoming waves. F denotes the front (upstream)
side of the cylinder, and B denotes the back (downstream) side.

of a large event in a random process being proportional to the auto-correlation
function of that process. We compare the solutions for various representations
of the directional spectra of the incoming wave groups and the corresponding
unidirectional result. Cylinders with radii @ = 50 meters (case 1), 25 meters
(case II), and 12.5 meters (case III) are used as the diffracting body. The
corresponding non-dimensional parameters for the basic case II are h = 2,
wo = 0.836 and ¢ = 0.326. When presenting results for the different cylinders
we rescale all linear sizes, amplitudes and time by using cylinder radius for
the case II as a characteristic linear scale. For the forces the original scaling
is used.

First, we consider the basic cylinder (case II) and the Gaussian spreading func-
tion of the incoming wave (10) with a constant spreading parameter §(w) = .
Numerical solutions for values of the spreading parameter § = 0.5 and 6 = 0.25
are obtained, and figures 2-4 show their comparison with the corresponding
unidirectional results 6 = 0. Next, following the observations of the directional
behaviour of real seas presented by Ewans (1998), we use the corresponding
double Gaussian spreading function as a more accurate model of wave spread-
ing in the open sea (figure 5). The selected results of these calculations for the
three different cylinders are presented in figures 6-14. Finally, we justify the
modelling of real spreading (Ewans, 1998) by means of the Gaussian spreading
function (10) with the same effective spreading angle.

Certain qualitative conclusions about the difference between the second-order
diffracted solutions for the spread and unidirectional cases can be drawn by
considering the corresponding linear incoming waves. The linear diffracted
wave is in direct correspondence with the local behaviour of the incoming wave
near the body surface. The second-order correction consists of the two princi-
pal terms: (i) locked wave generated by the non-homogeneous term, which is
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Fig. 3. Time history of plus and minus second-order force for various bandwidths
of Gaussian spreading function for cylinder II.
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Fig. 4. Plus and minus second-order surface elevation at focus time for various
bandwidths of Gaussian spreading function along the centreline and around the
cylinder surface for case II.
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