
 

The Danger of Wishing for Chaos 

 

Patrick E McSharry, Department of Engineering Science, University of Oxford, Oxford 

OX1 3PJ, UK; Mathematical Institute, University of Oxford, Oxford OX1 3LB, UK; Centre 

for the Analysis of Time Series, London School of Economics, London, WC2A 2AE, UK 

 

 

THE DANGER OF WISHING FOR CHAOS 

 

Correspondence should be addressed to: Patrick E McSharry, Department of Engineering 

Science, University of Oxford, Parks Road, Oxford OX1 3PJ, UK, Patrick@mcsharry.net, Tel: 

+44 1865 273095, Fax: +44 1865 273905 

mailto:Patrick@mcsharry.net


                                                                                                        

 

 

Abstract:  

With the discovery of chaos came the hope of finding simple models that would be capable of 

explaining complex phenomena.  Numerous papers claimed to find low-dimensional chaos in a 

number of areas ranging from the brain to the stockmarket.  Years later, many of these claims 

have been disproved and the fantastic hopes pinned on chaos have been toned down as research 

with more realistic objectives follows.   The difficulty in calculating reliable estimates of the 

correlation dimension and the maximal Lyapunov exponent, two of the hallmarks of chaos, are 

explored.  Given that nonlinear dynamics is a relatively new and growing field of science, the 

need for statistical testing is greater than ever.  Surrogate data provides one possible approach 

but great care is needed in generating relevant surrogates and in interpreting the results. 

Examples of misleading applications and challenges for the future of research in nonlinear 

dynamics are discussed.  
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INTRODUCTION 

The word chaos has become synonymous with complicated systems that are beyond the realm of 

understanding. At worst, chaos describes a state of complete disorder and confusion.  To a 

scientist, chaos presents a less pessimistic view of life: behaviour so unpredictable as to appear 

random because of the inherent sensitivity to small perturbations in the initial conditions.  This 

suggests that many complex systems could possibly be described by low-dimensional 

deterministic mathematical models.  It was the discovery of this intermediate possibility between 

order and disorder that brought so much hope and excitement in the 1980s, culminating with 

popular science books such as “Chaos” (Gleick, 1988).  While most real-world systems are 

undoubtedly nonlinear, the quality of data available often favours traditional linear analyses.  In 

practice, a modeling framework that incorporates a mixture of deterministic and stochastic 

approaches may have the greatest utility.     

 

The tools of the nonlinear dynamicist borrow from a diverse range of disciplines including 

physics, mathematics, statistics and engineering.  While these traditional scientific disciplines 

offer a strong framework, this new field of research requires the formation of many new methods 

and techniques.  It is interesting to note a division of research at this point: method-driven and 

application-driven.  Firstly, there are those who have focused on the construction and testing of 

new methods for carrying out “nonlinear time series analysis” - the name given to the 

investigation of systems and models that may display chaos  (Kantz & Schreiber, 2003).  On the 

other hand, there are many researchers interested in exploring whether the ideas and concepts 

from nonlinear dynamics can provide additional insight into their particular fields of expertise.  



                                                                                                        

 

This division has and continues to present an unfortunate danger for the credibility of nonlinear 

time series analysis.  The proposition of new nonlinear methods without suitable statistical 

testing and the subsequent adoption of these methods by practitioners could destroy the integrity 

of all research, which uses nonlinear techniques.  Falling into a state of disrepute is likely to 

cause a setback to the scientific progress of nonlinear dynamics.  

 

In this paper we will argue that it is extremely difficult to show that any real system is chaotic 

because of the requirement of collecting a large number of high quality observations from a 

period when the underlying dynamics are stationary.  For this reason, all estimates of system 

invariants should be accompanied by an expression of the level uncertainty associated with these 

estimates.  Nevertheless, the techniques arising from the field of nonlinear time series analysis 

can make a substantial contribution to science.  We shall look at some of the tools available to 

those researchers who believe that nonlinear methods may offer a more in-depth understanding 

of their particular systems of interest.  We will focus on the mathematical sanity checks afforded 

by statistical tests that can help to avoid drawing misleading conclusions.  Specifically, we will 

investigate (i) the difficulty in identifying low-dimension chaos using empirical data, (ii) the 

challenges in constructing, estimating and evaluating nonlinear models, and (iii) the need for 

statistical tests that are relevant to the specific application being proposed.   

 

The layout of the paper is as follows. We first review the mathematical concepts underpinning a 

number of nonlinear methods and the definitions of system invariants such as the correlation 

dimension and maximal Lyapunov exponent.  Then we discuss why it is so difficult to estimate 

these invariants from empirical data and to conclude that any real system is actually chaotic.  



                                                                                                        

 

Next we provide some guidelines for justifying the use of nonlinear methods and explore the use 

of surrogate data for statistical testing.  In the penultimate section we discuss some of the 

challenges facing the nonlinear dynamics research community when proposing the application of 

new methods and give examples from the field of biomedical research.  The final section 

provides a discussion of approaches for promoting scientific progress in the field of nonlinear 

dynamics and concludes the papers.  

 

 

MATHEMATICAL TOOLS 

 

The usual starting point for any nonlinear time series analysis is an attempt at reconstructing the 

underlying state space, which in thoery provides a unique description of the state of the system.   

For univariate time series, sn  (n=1,…,N), a set of  m-dimensional state vectors may be defined 

using a delay coordinate reconstruction:  

xn = (sn-(m-1)τ, sn-(m-2)τ, …, sn-τ, sn),  

where τ is known as the time delay or time lag.   The mathematical theory of embedding tells us 

that under certain conditions, it should be possible to use this reconstruction as a faithful 

representation of the underlying dynamics if m satisfies m > 2DF , where DF is the box counting 

dimension (Takens, 1981; Sauer et al., 1991).  Unfortunately, this mathematical theory tells us 

little about what to do when we are faced with noisy data of finite duration.   For example, while 

the choice of τ is irrelevant in the theory, it is extremely important in practice.  Suggested values 

for τ are often based on mutual information (Fraser, 1986) or a geometric interpretation of the 

reconstruction (Rosenstein et al., 1994).  Similarly, the fact that we are unlikely to know the 

value of DF  beforehand means that we also have to estimate a reasonable value for m from the 



                                                                                                        

 

data.  The method of false nearest neighbours provides one possibility for estimating a sufficient 

value for m (Kennel et al., 1992).  This is typically achieved by varying the size of m and 

monitoring the number of false nearest neighbours associated with areas of the reconstructed 

state space that have self-intersections.  Unfortunately, the detection of false nearest neighbours 

is subject to the choice of an arbitrary constant, which will vary with position in state space.   By 

testing for consistency between the dynamics imposed by a model and the observational 

uncertainty while allowing for variation in the local instabilities of the nonlinear dynamics 

throughout state space, it is possible to determine a robust estimate for the minimum value for m 

(McSharry & Smith, 2004).   

 

Fractal dimensions 

 

The spate of papers aiming to measure the fractal dimensions of different systems was perhaps 

motivated by the hope of determining the number of active degrees of freedom.  The ability to 

demonstrate that a particular dataset was generated by a low-dimensional deterministic process 

implies that, in theory, there exists a model with a few degrees of freedom which might be able 

to represent the dynamics.   There are many examples of misleading estimates for the dimension 

of complicated real-world systems.  For example, the weather was reported as having a 

dimension between 3 and 8; see (Lorenz, 1991) for a critique.  Similarly in the case of stock 

market returns, evidence of nonlinearities was found but claims of low-dimensional chaos were 

not well-justified (Scheinkman & Le Baron, 1989).   

 

 



                                                                                                        

Although there is an entire family of dimensions, known as Renyi dimensions, the correlation 

dimension, D2, is the easiest to calculate from data (Kantz & Schreiber, 2003).  D2 reflects how 

the probability that the distance between two randomly chosen points will be less than ε, scales 

as a function of ε.  The correlation integral, which counts the fraction of pairs (xi, xj) whose 

distance is smaller than ε, is defined by   
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There are two problems when attempting to identify a scaling region: (i) the finite sample size 

places an upper limit on N, and (ii) the finite accuracy of the data and the sparseness of near 

neighbours when ε is small.   

 

Unfortunately, even if it were possible to overcome the obstacles above, it is likely that temporal 

correlations in the data will give rise to underestimates of D2.  It has been shown that infinite 

dimensional stochastic signals can lead to finite and low-dimensional estimates (Theiler, 1986).  

The estimates for C can be biased by temporal correlations since small spatial separations 

between pairs of points can occur because they were observed closely in time.  For finite data 

sets, this effect of points nearby in time can be limited by restricting the sums over i and j so that 

|i-j| > W for some constant W (Theiler, 1986).  Even when i is much greater than j, the distance 

 



                                                                                                        

 

between xi+1 and xj+1 is unlikely to be independent of the distance separating xi and xj leading to 

further biases in the estimate.  While we can never be sure whether there is a sufficient amount 

of data, a space-time-separation diagram may be employed to ascertain with confidence that we 

do not have enough data (Provenzale et al., 1992).  

 

Lyapunov exponents 

 

The most familiar signature of chaos is displayed by the unpredictability of the future despite the 

system obeying deterministic equations of motion.  This unpredictability appears as an 

increasing average forecast error with larger prediction lead times.  The phrase sensitive 

dependence on initial conditions is often used to describe the inherent instability of the solutions 

that cause this unpredictability. Specifically, two nearby initial conditions will, on average, 

diverge over time.  While many linear systems give rise to a slow rate of divergence, it is the 

exponential divergence demonstrated by some nonlinear systems, that is characteristic of chaotic 

systems.  

 

Consider a deterministic dynamical system described by the discrete map, xn+1 = F(xn).  The 

evolution of an infinitesimal uncertainty, ε0, in the initial condition, x0, over a finite number of 

time steps, k, is given by  

 εκ = M(x0,k) ε0, 

where M(x0,k) is the linear tangent propagator formed by the product of the Jacobians along the k 

steps of the trajectory M(x0,k) = J(xk-1) J(xk-2) ... J(x0).  

 



                                                                                                        

The linear dynamics of uncertainty growth may be analysed using the singular value 

decomposition (SVD) of M, giving M =UΣVT, where the columns of the orthogonal matrix U(V) 

are the left(right) singular vectors respectively and the entries of the diagonal matrix Σ are the 

singular values, σi(x0,k), usually ranked in decreasing order (Strang, 1988).  From a geometrical 

point of view, the linear dynamics have the effect of transforming a circle into an ellipse, where 

the right singular vectors describe the directions of the axes of the ellipse and the singular values 

reflect the lengths of these axes.  Finite-time Lyapunov exponents, which depend both on the 

initial position, x0, and the number of time steps, k, are defined by  
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The system invariants known as the Lyapunov exponents are then defined by taking the limit as 

k goes to infinity,   
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A system is said to be chaotic if the leading Lyapunov exponent, Λ1, is positive.  Alternatively, a 

negative Λ1 indicates the existence of a stable fixed point.  

 

While the expression for λi
(k)(x0) may be rewritten as , the effective growth 

rate defined by a positive λ
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(k)(x0) does not imply exponential growth; it is only in the case of Λi, 

that a positive value implies an effective exponential growth (Ziehmann et al., 1999).  There is a 

common misconception that the value of Λ1 provides a measure of the unpredictability.  This is 

untrue since Λ1 only applies to infinitesimal uncertainties, and as such an infinitesimal 

uncertainty can never limit predictability.  Furthermore, Λ1 is an average defined over an 

 



                                                                                                        

 

infinitely long trajectory and does not reflect short-term dynamics.  For some chaotic systems, it 

can be shown that in the short term all uncertainties may shrink for a finite time (Smith et al., 

1999).    

 

ESTIMATES FROM DATA  

 

Unfortunately, the attractiveness of finding chaos in real-world systems has the potential to cloud 

the better judgement of many researchers.  There are three fundamental problems with seeking 

chaos in such systems.  Firstly, the existence of chaos can only be mathematically proven for a 

handful of simple toy models, such as the logistic map (May, 1976).  Secondly, our perspective 

of the underlying dynamics of the system is obtained from the time series of observations or data 

that we collect using some measurement process.  The quality of such data sets is limited by the 

observational uncertainty that arises from measurement errors, noise, artefacts and missing 

values.  Thirdly, the underlying dynamical processes may not be stationary implying that no 

single mathematical model is capable of describing the dynamics throughout the entire duration 

of the experiment used to record the data.   The combination of these problems implies that we 

are unlikely to obtain data of a high enough quality (resolution and duration) from a stationary 

epoch of the underlying dynamics to enable us to calculate the correlation dimension, D2, or the 

maximal Lyapunov exponent Λ1.  In the following sections, we investigate the difficulties 

associated with estimating these two system invariants when faced with noisy time series of 

short duration.  We also suggest that despite these estimation difficulties, the resulting nonlinear 

quantities may still be of value.   

 



                                                                                                        

Estimating the correlation dimension 

 

When computing D2 it is important to know what type of error should be expected for a given 

quantity of data, N.  Although it can be shown both numerically and analytically that this error 

generically scales as O(1/N1/2) for ∞→N , this is not always the case (Theiler, 1992).  While the 

quantity of data required to reliably estimate D2 for a particular system has been explored by a 

number of investigators, giving rise to a range of differing opinions, it suffices to say that the 

results are pessimistic for the majority of interesting real-world systems.  Various claims for the 

minimum number of data points, Nmin, include  (Smith, 1989), 

(Nerenberg and Essex, 1990), 
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Nmin with D2 suggested by each of these estimates is illustrated in Fig. 1.  The best case scenario 

implies that N=100,000 points are necessary for estimating D2 =10. In short, the news is bad if 

not completely foreboding for any researcher hoping to estimate D2 from short noisy time series.   

 

-------------------------------- 

 Insert Figure 1 About Here 

-------------------------------- 

 

An alternative approach is to use the Takens’ estimator, which gives a maximum likelihood 

estimate of D2 without estimating the slope of the correlation integral directly (Takens, 1985).   

 



                                                                                                        

 

An extension to this approach produces an estimate of D2, which is consistent with measures at 

all smaller length scales (Guerrero & Smith, 2003).  Furthermore, this approach provides 

constraints on the accuracy of the estimate.  The difficulty in calculating reliable estimates of D2 

suggests that the uncertainty in such estimates should be clearly presented through the use of a 

distribution or error bars.  Without a quantification of the uncertainty, the estimate should 

certainly be treated with caution.  

 

In practice, it is likely to be easier to build a data-driven nonlinear model than to compute a 

reliable estimate of the dimension.  If such a nonlinear model is useful for fulfilling ones 

objectives, whether they are prediction, classification or the pursuit of a more in-depth 

understanding and it can outperform simple linear benchmarks, then this in itself can arguably 

justify the use of nonlinear methods.   Being unable to say for certain, whether or not a system is 

chaotic, is not justification to give up and resign ourselves to traditional linear techniques, but 

rather a warning about what is possible and how the results of nonlinear time series analyses 

should be presented.   

 

Estimating Lyapunov exponents 

In practice, when dealing with experimental data, it is usual to attempt to estimate the maximal 

Lyapunov exponent, Λ1 by investigating a long but finite trajectory obtained by making k as 

large as possible.  Some initial attempts at calculating Λ1 gave misleading results since they 

blindly assumed the existence of exponential growth, and therefore can produce a finite value of 

Λ1 for stochastic data where the true value is infinite (see, for example, Wolf, 1985).   For high 

quality experimental data, it may be possible to approximate the underlying dynamics by a 



                                                                                                        

model, which provides a means of estimating the entire Lyapunov spectrum (Sano & Sawada, 

1985; Eckmann et al., 1986; Brown, 1991).  More recently, tests for the exponential growth have 

been advocated (Rosenstein et al., 1993; Kantz, 1994).   

 

Consider the perfect scenario where the equations of motion are known exactly.  For example, 

we will use the two-dimensional chaotic Ikeda map (Ikeda, 1980).  The finite time Lyapunov 

exponents, λi
(k), may be calculated using a recursive QR decomposition (see Abarbanel et al., 

1992).    Figure 2 shows the convergence of λi
(k) for simulations using one thousand different 

initial conditions.  Even in this noise-free scenario, we find that a relatively large value of k is 

required to obtain an accurate estimate for Λ1.  The mean of the distribution converges to the 

Lyapunov exponent via ikaii
k

i
αλ −+Λ=)(  whereas the standard deviation scales as .  

Scaling exponents, α

ikbi
β−

i and βi typically range between 0.5 and 1 (Abarbanel et al., 1992).  The 

central limit theorem does not necessarily apply to deterministic systems.  Note that the 

distributions for k=218 are non-normal implying that uncertainty is best presented using 

percentiles, as shown in Fig. 2.     

-------------------------------- 

 Insert Figure 2 About Here 

-------------------------------- 

 

For experimental data, it is usually difficult to collect sufficient high quality data from a period 

during which the underlying dynamics are stationary.  With the exception of carefully controlled 

electronic circuits and lasers, most real-world systems are unlikely to provide suitable datasets.  

In fact it is often a challenge to obtain enough data to pursue a linear analysis.  For example, 

recommendations for the analysis of heart rate variability suggest using a five-minute window to 



                                                                                                        

 

calculate the power spectrum – thereby providing a balance between the minimum data 

requirements for the Fast Fourier Transform and the period of time where the underlying process 

is likely to be stationary (Malik & Camm, 1995).  In the case of the brain, the electrical activity 

measured by the electroencephalogram reflects extremely erratic behaviour, making it 

exceedingly difficult to find stationary periods.  Numerous studies attempting to estimate 

nonlinear measures have opted for windows ranging between 20 and 40 seconds (see McSharry 

et al., 2003a and references therein).  In both of these examples, any attempt to detect the 

underlying nonlinear dynamics may be obstructed by the noise and non-stationarity.  The use of 

intra-cranial electrodes as opposed to non-invasive scalp electrodes for the identification or 

prediction of epileptic seizures may increase the likelihood of detecting and exploiting the 

nonlinearity, but the applicability is obviously reduced.   

 

The utility of nonlinear measures 

Despite the fact that invariants such as D2 and Λ1 cannot be reliably estimated for short noisy 

data sets, the applications of the techniques used for their computation will still provide a 

measure of a nonlinear quantity.  It is important to recognize that this quantity no longer reflects 

an invariant of the system, but simply a nonlinear measure obtained from a particular segment of 

data.  It is still possible to ask (i) if monitoring the time-dependence of this quantity is useful for 

prediction or classification and (ii) whether this quantity can outperform benchmarks given by 

the traditional indicators that are based on classical linear statistics.   

 

Using the words “effective” or “approximate” as pre-fixes emphasises that the quantity being 

calculated is based on the theory of nonlinear dynamical systems but that this quantity should not 



                                                                                                        

 

be taken as a convergent estimate of an invariant of the underlying system.  Following this 

prescription, a number of techniques have been proposed for applications in the field of 

biomedical research. An effective correlation dimension was postulated as a method for 

anticipating epileptic seizures (Lehnertz, 1999).  Approximate entropy was proposed as a 

measure of system complexity (Pincus, 1991) and applied to heart rate time series (Pincus & 

Goldberger, 1994).  The difficulty in estimating the entropy of short noisy time series motivated 

an alternative approach with improved accuracy, known as sample entropy (Richman & 

Moorman, 2000).  Similarly, it is reasonable to ask whether an effective Lyapunov exponent can 

enhance our ability to classify or detect dynamical transitions.   The convergence and divergence 

of short-term maximum Lyapunov exponents from adaptively selected electrodes has been used 

to provide predictions of epileptic seizures (Iasemidis et al., 2003).   

 

An alternative method for detecting nonlinear transitions is to measure changes in the 

distribution of points falling in different Voronoi partitions of the multi-dimensional state space. 

This conceptually intuitive method, multi-dimensional probability evolution (MDPE), is capable 

of detecting changes in the underlying dynamics that are invisible to linear statistics.   MDPE 

was employed to detect epileptic seizures using electroencephalograms from non-invasive scalp 

electrodes.  While both variance and MDPE are able to detect seizures, MDPE gave less false 

positives (McSharry et al., 2002).   MDPE was also employed to identify partial epileptic 

seizures from heart rate time series and may actually be better at detecting nonlinear dynamical 

transitions than the effective nonlinear measures based on D2 or Λ1 since the latter can have 

identical values for different multi-dimensional distributions (McSharry, 2004).   

  



                                                                                                        

 

The explanations as to why these nonlinear measures should outperform linear statistics range 

from little more than hand-waving arguments to carefully tested hypotheses.  Unfortunately, it is 

only too easy to dream up explanations for success after the fact, which often leads to a 

misleading approach to conducting scientific research.  We will return to the question of what 

constitutes a useful diagnostic in the last section and propose a framework for ensuring that 

novel nonlinear methods are of real value.  This requires both an investigation of scientific merit 

and an exploration of simple benchmark tests in order to justify their benefits for practical 

applications.  First, we will investigate approaches for constructing statistical tests of nonlinear 

methods.  

 

STATISTICAL TESTING 

Nonlinear dynamics provide one possible explanation for the many irregularities found in time 

series, yet linear stochastic processes also have the ability to generate complicated signals.  

Given that so much theory and expertise exists in specifying, constructing and evaluating linear 

models, it is extremely imprudent to blindly assume that a nonlinear approach is best without a 

thorough scientific justification.   In order to motivate the construction of nonlinear models, one 

should be confident that the data collected contains the characteristics of an underlying nonlinear 

process, which could not have been produced by a linear process.  Both nonlinear determinism 

and the stochasticity arising from random shocks to the system or variations in the parameters 

are candidates for the irregularity and complexity apparent in empirical data.  A certain degree of 

confidence can be obtained by performing a statistical significance test using the method of 

surrogate data.  Each surrogate data set appears like the original time series but only contains 

some specific prescribed characteristics, e.g. the observations were generated by a linear 



                                                                                                        

 

stochastic process.  The idea is to test whether a given nonlinear measure when applied to the 

original data gives a result that is different to that obtained by applying it to a collection of these 

surrogates.   

 

Given a nonlinear measure, γ, which takes on the value γ0 when computed from the original data 

set, we wish to know whether this particular value suggests that the underlying dynamical 

process is nonlinear.  Another way to think about this is to ask what distribution, p(γ), of values 

would we expect to obtain from a similar linear stochastic process.  If the value γ0 is not 

consistent with p(γ), then the data might be nonlinear.  In general we will not have any theory to 

determine an analytical expression for p(γ) and so we use the surrogates to estimate this 

distribution using a Monte Carlo approach (Theiler et al., 1992).  We test against a chosen null-

hypothesis by constructing N surrogate data sets which  (i) preserve certain characteristics of the 

original time series and (ii) are also consistent with the specified null-hypothesis.  By specifying 

the probability, α, that we are prepared to reject the null hypothesis although it is true, we obtain 

a test that is valid at the (1- α) significance level.  A rank-based one-sided test with significance 

(1- α) may be employed by generating N = 1/α -1 surrogates in order to test whether γ0 is 

smaller than expected for data obeying the null hypothesis.  By computing the N values for the 

nonlinear measure: γι (i=1,…,N),  we can reject the null hypothesis whenever γ0 is smaller than 

all of the γι.  For example N=19 surrogates are required for testing at the 95% significance level.    

 

The sophistication of the surrogates employed depends on the nature of the characteristics that 

we want to preserve.  Surrogates that preserve the empirical distribution can be obtained by 

randomly shuffling the original data set without repetition.  These can then be used to test the 



                                                                                                        

 

null hypothesis that the data are independent random numbers sampled from some fixed but 

unknown distribution.   Another null hypothesis is that the data comes from a stationary linear 

stochastic process with normally distributed inputs.  Surrogates with the same power spectrum 

may be obtained by taking the Fourier transform of the original data, randomizing the phases and 

transforming back to the time domain.  This technique may also be applied to multivariate 

datasets (Pritchard & Theiler, 1996).  A more general null hypothesis is that the data was 

generated by a stationary linear stochastic process with normally distributed inputs, which was 

then subjected to a monotonic instantaneous time-independent measurement function.  To test 

this hypothesis, we require surrogates with the same empirical distribution and power spectrum.  

Amplitude-adjusted surrogates are capable of preserving the empirical distribution but yield a 

slightly modified power spectrum (Theiler et al., 1992).  A technique for polishing these 

surrogates so that they better replicate the power spectrum is also available (Schreiber & 

Schmitz, 1996).  An approach that aims to preserve both the distribution and the spectrum 

exactly uses a normal autoregressive process and a monotonic static transform (Kugiumtzis, 

2002).  Constrained randomization using simulated annealing provides a means of generalizing 

the approach to specify a wide variety of surrogates including multivariate data (Schreiber, 

1998).    

 

The method of surrogate data may also be used for testing new techniques such as medical 

diagnostic tools for classification or prediction.  The possibility of using nonlinear methods for 

facilitating medical diagnostics calls for a different kind of test.  This should test the efficacy of 

the new method against simple linear benchmarks.   To achieve this goal, we suggest the use of 

clinically relevant surrogates (McSharry et al., 2003b).  By generating surrogates that are not 



                                                                                                        

 

relevant to the specific clinical framework, it is possible to erroneously identify promising 

techniques for the wrong reasons.  For example, there have been a number of conflicting 

investigations concerning the predictability of epileptic seizures using nonlinear methods.  While 

there are likely to be nonlinear processes active in the transition leading to an epileptic seizure, 

the question is whether nonlinear methods provide any additional skill, in detecting this 

dynamical transition, beyond that offered by traditional linear techniques.  Some investigations 

have suggested that a nonlinear measure based on the correlation integral outperformed a linear 

measure using the autocorrelation function (Martinerie et al., 1998).  Unfortunately, this claim 

was supported by a surrogate data analysis that could not distinguish between changes in the 

variance and those in the correlation integral.  If a simple benchmark, such as moving variance, 

is to be outperformed before the medical community seriously adopts a new nonlinear technique, 

then this must be accounted for in the surrogates.   One approach is to use block surrogates, 

which attempt to preserve the time-dependence of the variance (McSharry et al., 2003a).     

 

CHALLENGES 

The principle, known as Occam's Razor, suggests that when attempting to select from within a 

class of models we should aim to identify the simplest model that is compatible with the 

observations.  While increasing the complexity of a model naturally gives more freedom to 

provide a better fit to the observations, a model with too many parameters will not distinguish 

between the generative dynamics that we wish to extract and fluctuations due to factors such as 

measurement errors, non-stationarity and noise.  This problem, known as over-fitting is 

particularly relevant when attempting to construct nonlinear models since such models have the 



                                                                                                        

 

complexity to adapt to extremely complicated data.  We will now consider model complexity, 

parameter estimation and evaluation with regard to constructing nonlinear models.   

 

There are two obvious routes to take when attempting to identify the optimal size or complexity 

of a nonlinear model.  Given a set of candidate explanatory variables, one approach for 

constructing a model starts with no terms and then considers the addition of one term at a time 

(Judd & Mees, 1995).  An alternative starts with a general description that includes all possible 

variables and then successively eliminates terms until arriving at a reduced form of the model.  

The objective of both approaches is to arrive at an intermediate model, which optimises a 

specific cost function that measures the goodness of fit of the model to the observations.  While 

the latter approach requires more computational effort, it has the advantage of being less likely to 

fall into local minima (Hendry & Krolzig, 2003).  A number of different reduction paths can be 

searched simultaneously to prevent the algorithm from removing a relevant variable, while 

retaining other variables as proxies. In this way the global minimum in the cost function can be 

approached more reliably.  This approach has been successfully employed for constructing 

models of biochemical reactions (Crampin et al., 2004a).   

 

The additional complexity and extra parameters required to specify nonlinear models also 

implies that while they may be better suited for reproducing time series of irregular observations, 

they are also more likely to fit the noise as well as the actual dynamics.  This problem, known as 

over-fitting implies that the model will provide good results on in-sample data (that used for 

specifying and training the model), but is likely to fail to generalise to new data.  It is extremely 

difficult to distinguish between fluctuations due to the underlying dynamics and those due to the 



                                                                                                        

 

observational uncertainty.  An obvious sign of an over-fit model is one that performs better on 

training (in-sample) data than testing (out-of-sample) data as shown in Fig. 3.  Splitting the 

available dataset in two and using one half for training and the other for testing is a good 

procedure for detecting such problems.  An alternative method that may be employed when 

working with short datasets is to generate leave-one-out models and to predict the omitted point 

(or points), thereby providing quasi out-of-sample results.   

-------------------------------- 

 Insert Figure 3 About Here 

-------------------------------- 

One approach for reducing over-fitting is to add a penalty term to the cost function that penalises 

non-parsimonious models.  The more complex the model, measured by the number of 

parameters, the heavier the penalty.  In this way, the addition of the penalty attempts to 

reproduce the effect of evaluating the model on an out-of-sample testing dataset, by creating a 

minimum in the cost function for an intermediate model complexity, as shown in Fig. 3.  Note 

that such penalty terms are often referred to as regularisation techniques and can also be viewed 

as the incorporation of priors.  The simplest form of penalty function is one that is proportional 

to the number of parameters (Akaike, 1974).  A penalty function that depends on both the 

number of observations and number of parameters may be determined using a Bayesian 

approach (Schwarz, 1978).  Alternatively, this penalty function may be arrived at by assuming 

that the optimal model minimises the description length of an encoding of the data (Rissanen, 

1980).  While the idea of having a cost function that works for all models is attractive, it is more 

realistic that a universal cost function does not exist and that the appropriate cost function will 

depend intimately on the structure of the model and its application.   



                                                                                                        

 

 

When applying nonlinear models to noisy time series, one should expect the goodness of fit, 

measured by the discrepancy between the model and the data, to vary with position in state 

space.  While this property of nonlinear models is generally ignored, the contribution of the local 

stretching factors induced by the nonlinear model can be used to identify model error by 

checking for the consistency between the model and the observational uncertainty (McSharry & 

Smith, 2004).  This approach allows the user to detect why the model is inadequate and can also 

suggest how these imperfections can be reduced.   

 

Parameter estimation for nonlinear models is also difficult since many of the traditional linear 

goodness of fit tests are unsuitable for applications using nonlinear models.  For example, many 

classical techniques assume normal distributions for the measurement errors and the model error 

term.  In contrast, even in the case of normally distributed measurement errors, the application of 

nonlinear models for generating predictions will convolve these measurement errors so that the 

effective model error term depends on the local structure of the nonlinear model.  This implies 

that standard parameter estimation methods, such as least squares and total least squares will 

lead to biased estimates.  For this reason it is better to use a parameter estimation technique that 

directly incorporates the interplay between the nonlinear structure of the model and the 

observational uncertainty (McSharry & Smith, 1999).  In fact, root-mean-square evaluation 

statistics could actually reject the very nonlinear system that generated the data in the first place.     

 

Meteorologists are familiar with the task of generating forecasts using nonlinear weather models.  

A method that has recently been employed for justifying the use of nonlinear models for 



                                                                                                        

 

prediction is to generate and evaluate probabilistic forecasts (Palmer, 2000).  These forecasts, 

known as ensemble forecasts, take account of the uncertainty in the initial conditions by 

sampling from the initial distribution and propagating each trajectory forward in time.  In this 

way, the ensemble forecasts can also quantify the uncertainty in the prediction.  One approach 

for evaluating these ensemble forecasts is based on information theory (Roulston & Smith, 

2002).  Indeed a true measure of the success of a nonlinear modeling framework should depend 

on the application of the model.  For this reason, it may be necessary to incorporate the users’ 

utility function in order to provide a model with optimal functionality.   

 

DISCUSSION AND CONCLUSION 

A growing interest in interdisciplinary research and the resulting interplay between traditional 

model-driven research and modern data-driven modeling techniques may explain why nonlinear 

dynamics is suddenly contributing to solving so many practical problems (Stark & Hardy, 2003).  

Furthermore, the increasing availability of efficient computing resources, both in terms of speed 

and memory, greatly facilitates the application of nonlinear time series analysis techniques.  This 

is especially relevant in the case of large data sets, which are required if such techniques are to 

prove themselves useful.  The ability to analyse large data sets has given rise to new fields of 

interdisciplinary research, such as systems biology (Kitano, 2002).  New experimental 

techniques in biochemistry offer an increasing number of empirical datasets and nonlinear 

models are likely to provide a deeper understanding of the mechanisms underlying complex 

biochemical reactions (Crampin et al., 2004b).  

 



                                                                                                        

 

At present the utility of nonlinear methods is still being debated.  A large amount of research is 

required before these new methods can compete with the vast body of expertise that is available 

for guiding the application of classical linear statistical techniques.  The foremost challenge 

concerns the statistical testing of new nonlinear methods and the ability to be confident that 

similar results cannot be achieved by simpler linear approaches.  Fortunately, today’s researchers 

can easily carry out extensive Monte Carlo simulations on an average PC.  Such simulations are 

necessary for applying statistical tests in the absence of analytical distributions, a typical 

challenge in the construction of relevant null hypotheses for evaluating nonlinear time series 

analysis techniques.  The use of clinically relevant statistical tests is particularly important if 

these nonlinear methods are to be used for constructing new medical diagnostic tools.    

 

In order to make scientific progress it is necessary to have well understood and carefully defined 

benchmarks.  The biomedical signal processing community is accustomed to testing new 

techniques on public domain databases such as Physiobank (Goldberger et al., 2000; 

www.physionet.org/physiobank).  While the use of such databases is to be applauded, it does not 

fully address the possibility of over-fitting, whereby a model or technique appears to have high 

performance statistics but fails to generalize to new data.  This failure can be circumvented, to 

some extent, by holding back some of the data for testing while the remaining data is used for 

learning.  These databases contain real biomedical signals recorded from human subjects under 

standard clinical settings.  For this reason, it is impossible to know a priori which part of the 

signal corresponds to the underlying dynamics and how much can be attributed to noise.  This is 

complicated further by electrical interference, movement artifacts, muscle artifacts and missing 

data.   



                                                                                                        

 

 

One approach for comparing methods is to employ a database of synthetic signals.  A nonlinear 

dynamical model has been used to generate realistic synthetic electrocardiogram signals 

(McSharry et al., 2003c).  Open-source code for a freely available algorithm provides researchers 

with the ability to generate electrocardiogram signals with known characteristics, both in the 

time and frequency domains (www.physionet.org/matlab/ecgsyn).  Different realizations of the 

electrocardiogram signal may be generated by varying the seed of the random number generator.  

These realizations can then be used to compute the uncertainty inherent in signal processing 

techniques and to provide error bars for estimates.  The ability to easily produce such signals 

equips many researchers with the data necessary to compare and evaluate their new biomedical 

signal processing techniques.  While this is currently a useful exercise for illustrating the 

advantages of new techniques, it is hoped that in the future it could form the basis of a gold seal 

of approval for new techniques.  Many journals now insist that databases used for obtaining new 

scientific evidence are made public-domain as a prerequisite of publication.  This has the 

advantage of allowing method-driven researchers to compare different techniques.  Having 

access to carefully labeled public-domain databases, such as those at Physionet, can reduce the 

time required to accumulate and investigate biomedical databases and increase the pace of 

scientific exploration.   

 

 

By promoting good practice when applying nonlinear time series techniques it will be possible to 

avoid the many dangerous pitfalls that await the unsuspecting researcher.  In summary we 

recommend that (i) estimates calculated from time series are supplied with confidence intervals, 



                                                                                                        

 

(ii) the method of surrogates is employed before discarding traditional linear models and (iii) 

synthetic data is used to explore new techniques and to formulate simple benchmark tests.  While 

the pursuit of chaos may be akin to searching for the Holy Grail, the future of nonlinear time 

series analysis and its application to empirical data is likely to be a rewarding one.   
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Figure 1. The suggested minimum number of data points, Nmin, required to provide a reliable 

estimate of the correlation dimension, D2. 

 

Figure 2. Finite-time Lyapunov exponents for the two-dimensional chaotic Ikeda map: (a) 

convergence of λ1
(k) with k, (b) convergence of λ2

(k) with k, (c) probability density function of 

λ1
(k) of for k=218, and (d) probability density function of λ2

(k) of for k=218.  In (a) and (c), the 

dashed lines reflect the 5%, 50%, 95% percentiles and the solid line is the mean.   

 

Figure 3. Analysis of model error versus model complexity as measured by the number of 

parameters, K, using a training and testing dataset (left).  Adding a penalty term to the cost 

function provides an alternative approach for avoiding over-fitting problems and may enable the 

identification of a model that generalizes well (right).   
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